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Beyond Homogeneity: Testing Spatial
Dependence under Heterogeneous Coefficients
in Large Panels

The widely used approach to testing spatial dependence formulates a hypothesis
on a homogeneous spatial coefficient in spatial models. This paper proposes a novel
test for spatial dependence in large panel data models with heterogeneous spatial
autoregressive coefficients. Under weakly reciprocal interactions, the proposed test
is asymptotically standard normal as both n and T tend to infinity jointly. We an-
alyze its power under local alternatives. We show that the traditional test may lose
power when spatial effects are heterogeneous, particularly in small samples. Monte
Carlo simulations demonstrate that our proposed test has greater power than the tra-
ditional test in such settings. An empirical example illustrates that the proposed and
traditional tests can lead to opposite conclusions regarding the presence of spatial

dependence.

Keywords: Spatial panels, LM test, Dispersion test, Near-epoch dependence, Quasi-

maximum likelihood

JEL Classification: C12, C33



BOK Working Paper No. 2026-8

I. Introduction

A natural first step in spatial economic analysis is to test for spatial dependence.
The standard approach is to formulate a hypothesis as a restriction on the spatial
coeflicient in spatial models. For cross-sectional data, the most popular procedure is
Moran’s I test, which dates back to Moran (1950) and was further advanced by CIiff
and Ord (1978). Burridge (1980) explores the Lagrange multiplier (LM) interpreta-
tion of Moran’s I test. Kelejian and Prucha (2001) derive the asymptotic distribution
of Moran’s I-type test statistics by introducing the central limit theorem (CLT) for
linear—quadratic forms.

Over the last decades, the spatial econometrics literature has extended the mod-
els from cross-sectional data to spatial panels. Along with these advances in the esti-
mation of various spatial models, numerous contributions to hypothesis testing have
been made. Among the classical approaches, LM tests are popular in spatial settings
because they only require restricted estimates and can be computationally simpler.
One seminal contribution in the spatial panel literature is Yu et al. (2008). Consider

the following spatial panel data model:

Ynt:A'OWnYnt""VOYnt—l+pOWnYnt—1+XntB0+cn0+Vnta 1= 1;~~-7T7 (1)

where the notation follows the standard spatial econometric literature. The LM tests

for the hypotheses A9 = 0, and/or py = 0 can be found in Bera et al. (2019)".
However, in almost all contributions, hypotheses are formulated on a scalar

spatial autoregressive or autocorrelation coefficient?. Consider a special case of (1),

the pure spatial autoregressive (SAR) panel data model:

Ynt:)-OWnYnt"i‘cnO"'Vnta l‘:1,...,T, (2)

1) For recent surveys of LM tests in the spatial literature, see Baltagi et al. (2008, 2007), Debarsy and
Ertur (2010), Yang (2010), Born and Breitung (2011), Qu and Lee (2012), Baltagi and Yang (2013a,
20138b), Robinson and Rossi (2014), Yang (2015), Cheng and Lee (2017), among others.

2) In conventional spatial models, spatial spillover or network effects are assumed to be homogeneous
across economic units.
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where Ay is the spatial autoregressive (lag) parameter. To test Hy : A9 = 0 against

Hj : A9 # 0 for (2), one may use a standard normal test,

é % ZtT:I Yy:thYnt
(W W, +W2)

M =

)

when both n and T are large, as derived in Appendix D. We refer to this underlying
statistic of the traditional approach as the M test.

Recently, there has been growing interest in heterogeneous versions ol the stan-
dard SAR models (LeSage and Chih, 2016; LeSage et al., 2017; Geniaux and Mar-
tinetti, 2018; Aquaro et al., 2021)®. LeSage and Chih (2016) point out that allowing
for heterogeneous coeflicients has a natural appeal compared to conventional spa-
tial models. Aquaro et al. (2021) discuss estimation and inference for spatial panel
data models with fully heterogeneous coeflicients, arguing that the assumption of a
homogeneous spatial coeflicient may be restrictive when the time dimension T is

large. Consider the heterogeneous version of (2):
Ynt:q]OWnYnt+cn0+Vnta t:17---7T7 (3)

where Wy = diag(dio,-- ., 0no)-

We make three observations regarding tests for spatial dependence under het-
erogeneous coeflicients. First, il spatial spillovers or network eflects are heteroge-
neous, the widely used M test is not applicable®. This issue arises naturally in empir-
ical applications, where spatial effects often differ across units due to institutional,
technological, or economic heterogeneity, making a homogeneous spatial coefli-
cient an unrealistic approximation. Belore proceeding to estimation and inference

for panel data, it is therefore natural to test whether spatial dependence exists in the

8) LeSage et al. (2017) apply heterogeneous-coeflicient spatial panel models to retail fuel pricing. Ge-
niaux and Martinetti (2018) consider spatial models with spatially varying coeflicients arising from
misspecification of explanatory variables or unknown spatial weight structures.

4) Section 5 discusses how the M test may lose power when spatial effects are heterogeneous and the
sample size is small. Monte Carlo results in Section IV are consistent with these findings, and Section
V provides an empirical illustration.
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heterogeneous setting of (8). Our hypothesis of interest is
Hy:6p=0 forali=1,...,n

against H : 8 # 0 for a non-zero fraction of units. Second, several studies show
that the power of Cliffl=Ord-type tests, which include Moran’s I and related LM tests
based on quadratic forms in spatial weights matrices, can be very low, or even vanish,
under certain circumstances (Krimer, 2005; Martellosio, 2010, 2012; Preinerstor-
fer and Potscher, 2017; Preinerstorfer, 2028)>). A new perspective may therefore
be useful to explain why traditional homogeneity-based tests may exhibit low or
vanishing power. Lastly, in the case of fixed n and large T, one may test the hy-
pothesis®. However, spatial empirical applications typically involve large n, and this
existing test may not apply to many microeconomic settings.

To the best of our knowledge, there are few formal tests of spatial dependence
for spatial panel data models with heterogeneous spatial lag coeflicients, especially
when both n and T are large. As n grows, theoretical challenges arise due to the di-
mensionality of standard test statistics”. Outside the spatial econometrics literature,
Pesaran and Yamagata (2008) propose a test of slope homogeneity for panel data
models with strictly exogenous regressors. We follow their approach to construct a
test statistic, as they consider hypotheses on fully heterogeneous slope coeflicients
and derive asymptotic results when both n and T are large. However, additional
considerations are required in our setting due to the presence of endogenous re-
gressors Yy, in (8). Therefore, testing a set of n restrictions in (3) when 7 is large, in
addition to T, is essential from both theoretical and empirical perspectives.

In this sense, this paper aims to fill these gaps by proposing a test statistic for spa-
tial dependence in the pure SAR panel data model with heterogeneous coefficients

when both n and T are large. Motivated by the dispersion-type testing approach

5) A similar discussion for the Durbin—Watson test in time-series regression can be found in Krimer
(1985).

6) Elhorst et al. (2021) show that a spatial model can be viewed as a special case of a GVAR model
and propose a likelihood ratio (LR) test to choose between homogeneous and heterogeneous spatial
coeflicients.

7) For example, an n x 1 score vector for an LM test and its associated n x n variance matrix become
infinite-dimensional as n — oo.
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of Pesaran and Yamagata (2008), we first derive a valid test statistic under large T
asymptotics. Since direct estimation and inference in models with heterogeneous
spatial lag coeflicients, such as (8), raise intractable identification and dimensionality
issues (Elhorst, 2014), we adopt the LM principle. This LM statistic provides the
foundation for the standardized test, denoted by S, under large n and T asymptotics.
Our asymptotic analysis relies on the CLT and LLN under near-epoch dependence
(NED) developed by Jenish and Prucha (2012), which are essential for handling
dependence induced by heterogeneous spatial lag structures. Importantly, we show
how these limit results can be adapted (o score-based test statistics with increas-
ing cross-sectional dimension. Moreover, the proposed test is developed within a
quasi-maximum likelihood framework and therefore does not require normality of
the error terms.

The remainder of the paper is organized as follows. Section II introduces the
model specification and derives an LM test under large T asymptotics. Building on
the LM test, Section 111 proposes the S test and derives its limiting distributions as
both n and T tend to infinity jointly. Section IV studies the finite sample properties
of the proposed S test and compares its power with that of the traditional M test via
Monte Carlo experiments. Section V presents an empirical example illustrating the
usefulness of the S test. Basic lemmas are provided in Appendix A, and all proofs

are collected in Appendix C.

II. The model, concentrated likelihood, and LM test

1. The heterogeneous SAR panel data model

Define s; as an n x 1 vector of zeros, except for one at the ith element for i =

1,...,n. Using s,-s; for all i, we rewrite (3) as

Yy = lPOvVnYnt +Cpo + Vo

. @
= (Zaiosisi)WnYnt+cn0+Vnta t=1,....,T
i=1
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where Y, = (V17,...,yn) is an n x 1 vector of a dependent variable for all units in
period ¢, W, is an n X n spatial weights matrix, ¢,o is an n X 1 vector of individual

fixed effects, and Vi, = (&y4,...,&y) is an n >< 1 vector of disturbance terms®.

Define S,(y) = I, — ¥W, where ¥ = ZSss for any v = (6y,...,8,)". At the

true parameter, S, (W) = I, — YoW,. Then presummg Sn(wo) is invertible, (4) can
be rewritten as Y, = (I, — ‘POW,,) (c,,o + Vi) = Sn(wo) ™~ (cno + V).

2. The concentrated likelihood function

Denote 8 = (v, 62) and { = (y/,¢,) where w = (8y,...,8,). At the true value,
6o = (W), 08) and & = (W, clp)’ where wo = (810, ..., 8,0)". The likelihood function
of 4)1is

T
L7 (6,¢y) = — =

n T
5 In(27) — 7T1n(c;2)+T1n\Sn(w)| — Zi‘ztz;Vm(C)’Vm(C) (b)

where V,,,(§) = (I, —¥W,) Yy — ¢, = S (W)Y — ¢, Thus, Vi, =V, (&)

For analytical purposes, it is convenient to concentrate ¢, out in (5). We de-
e _ _ 1 & - _
fine Yy =Yy — Yy fort=1,...,T, where Y,7 = — Z Y. Similarly, Viy = Vi — V.

IInL,r(0,¢,) 1

Using the first order condition that Ie
n

52 Z Vi (§), the concentrated

likelihood function is

Ly (6) =~ In(2) ~ "L n(0?) 4 TS, (¥)| — 5y ¥ V(W) Tu(y)  (©)

2

&Mﬂ

L
20

where V, (w) = (I, —¥W,) Yy = S, (W)Y,
Define G,(y) = W, (I, —¥W,) "' = W,,S,,(v) ! for any w = (§,...,8,)". From
(6), the first and second order derivatives of the concentrated likelihood function

can be derived: see Appendix B for their expressions.

8) For the elements of V,;, we assume that g; is i.i.d. across i and ¢ with zero mean and variance 0'3.
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3. LM test for large T asymptotics

In this subsection, we derive an LM test, asymptotically chi-square distributed
with n degrees of freedom under large T asymptotics. To analyze the asymptotic

properties of the LM test, we need the following assumptions:

Assumption 1. The spatial weights matrix W, is time-invariant and its diagonal elements

satisfy wi; =0 fori=1,...,n.

Assumption 2. The disturbances €, i=1,....nandt =1,...,T, are i.i.d. across i and t

with zero mean, finite variance Gg > 0, and E|€&; |4+Tl < oo for some 1 > 0.

Assumptions 1-2 are standard regularity conditions commonly used in the spa-
tial econometrics literature.

Consider the first order derivative with respect to ¥ = (§y,...,8,)" in (B.2).
Under Hy, i.e., ¥ = 0,5, we have V,, (w) = (I, — 04xnWy) Y = ¥y and G,(w) =
W (L, — 0,,X,,W,,)_1 =W,. Therefore, the LM test statistic is based on the n x 1 vector:

1 L )
dInL,r(0,...,0,6?) 5 Y (V181 W — 025\ Wisi )
Cl =1
dnL,r(0,...,0,0> 1 I i
dInL,7(0,...,0,0?) nT(a(sz ) — Y (75285 WaFo — 6255 Was:)
- = t=1
Iy . .
dInL,r(0,...,0,62) L
93,, g Z (YnzsnannYm —0 SanSn),

dInL,7(0,...,0,07%)
Iy

Define g,,T(GZ) = , and let gnT’i(Gz) denote the ith element of
gnr (7).
Let 62 be the restricted QML estimator under the restriction v = (0,...,0)".

Then, 62 = arg max InL¢;(62) where
(e}

nT nT T
InLy(62) = —Tln(Zn) — 71n(cy2) ~ 557 Y VY. 8)

T
Maximizing (8) with respect to o2, we obtain 62 = T Z Y Y.
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Proposition 1. Under Hy and Assumption 2, as T — o,
2
- Lo
520 Gg and hence fg L
6

We investigate the asymptotic distribution of g, (62) under Hy. Evaluating (7)

at 62 under Hy (¥, = V,;) and using Assumption 1 (s;W,s; = w;; = 0 for all i), we

obtain

1 & 14,
= Y Vs1si WV — Y Visisi WV
"= 0y =1

1 & 1S,

9 ?ZV 2S2W V}’lt G(% gz nfs2s2W}’l nt G(% 2
gnT(G ) = t=1 = ) 0 t=1 = ngl’lT(GO) (9)
. (o2 (o2

| A 14,
~722‘/ ns) WV'" 722 i SnSy WiVt
e 0y i=1

2
Oy
Since G— %5 1 by Proposition 1, the limiting result of g,7(6?) is the same as that of

1
gur(03) under Hy. To show the asymptotic distribution of — g,7(63), we consider

VT
V5181 W Vi Virs1s\WyVar
1 1 T | V) s255W, Ve 1 V5255 Wy Vr
—=gnr(0§) = — —= . — VT . (10)
VT 3 \f ; : G(% :
V) 5nSh Wy Vi Vo Susy WV

1 dInL; ..,0,02
where the first term is denoted as — nLr(0:---,0,0)

VT &uf

1
is Op(ﬁ)g)' Then, the first term has the mean p,, = 0,x1 and the variance—

and the second term

covariance matrix X, ,, where o , is defined in (11).

9) 1 dInLi4(0,...,0,02)
VT Hw
|\/?V,:TS,'S§W,,V,,T - E(ﬁV,:TsisgannT)‘ + |E(\/f‘7,iTS,'S;VV,,VnT)| = (

and A.3.

can be derived from (B.5) in Appendix B. Also, |VTV,/psisiW,Vur| <

\F) for all i by Lemmas A.2
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SiW,Ws SiWusashWost oo S\ Wysush Wos)
sHW,s181 Wos2 W, Ws> oo SHWsush Woso
Lgn = : . , : (an
S\ Wys15\Ws, s WusashW, ' W, W,
n"WndS151 Wndn nWnS282 WnSn S WuW, Sn

n
where X¢%, = siW,W,s; = Z wizj and Tg), = siWi,ss'Wys; = wijw; for all i, j'”. Note
=1
that X, , takes the same form regardless of shapes of &;.

Proposition 2. Under Hy and Assumptions 1-2, as T — oo,
1 on d
—TgnT(Gz) S N(0,2g ).

7

To derive the LM test, we need the following assumption on X, .

Assumption 3. For the elements in X, ,, either (1) or (2) is satisfied:
n n
(1) Z Wizj > Z \wijwii| for all i.
J=1 j=1

n n
2 Y, wf]- > Y |wijwji| for all i and wi; > 0 for all i, j.
=1 =1

n
Assumption 3(1) does not hold when W, is symmetric because of Z wlzj =

Jj=1
n

Z |wijwiji|. However, any symmetric W, can satisfy Assumption 3(2) as long as

j=1

all off-diagonal entries of W, are positive. Under Assumptions 1 and 3(1), X, ,
n n

is a strictly diagonally dominant matrix because Z Wizj > Z lwijwji| > 0 where
J=1 J=1

n n

Y Iwijwjil =Y |wijwji| is each row sum of all off-diagonal entries in absolute value! V.
j=1 i#i
Under Assumptions 1 and 3(2), £, , is a diagonally dominant matrix.

19°InL;(0,...,0,07)
T dyaoy'

10) X, , can be derived from (B.8) in Appendix B under Hy. Thus, we have E(

—Xon-
g
11) A square matrix is said to be diagonally dominant if, for every row, the magnitude of the diagonal
entry in a row is larger than or equal to the sum of the magnitudes of all off-diagonal entries in that
row. That is, the matrix A = (g;;) is diagonally dominant if |a;| > Z |aij|. Furthermore, it is strictly
J#i

)=

diagonally dominant if strict inequality holds for all i.
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Proposition 3. Under Assumptions 1 and 3,
Yo is positive definite.

1
Based on the limiting distribution of —TgnT(GZ) under Hy and the positive def-

initeness of X, ,, we can find the asymptotic result of the quadratic form in Theorem

1.

Theorem 1. Under Hy and Assumptions 1-83, as T — oo,
1 ~ _ ~2\ d
L S e (6) % 22

In empirical applications where T is notably larger than n, one may use this LM
test shown in Theorem 1'?. Hence, the conclusions on whether a spatial depen-

dence exists or not, when T is large, can be drawn based on the value of ?gnT (62)’2;,11gnT (62)

- 1 & N
wheregnT(Gz):(6 ZY 518\ Wo ¥, .. 7~2Z Sy Wu¥) and Zg , in (11).

4. Power of the LM test under local alternatives

For the asymptotic local power of the LM test, we consider the following local

alternatives:
fori=1,...,n (12)

where A; are fixed constants, with A; # 0 for at least one i. Let A = (Ay,...,A,)
denote an n x 1 vector of constants. To investigate the asymptotic properties of the
LM test under H; r, we utilize Le Cam’s theory, following Qu and Lee (20138), and
Cheng and Lee (2017) for spatial models.

Consider g7 =InL,7 (A /T"?,...,A,/T"?,62) —InL,r(0,...,0,0%). By the sec-

ond order Taylor series expansion, we have

. 1 ,anLnT(O,...,O,Gg) LA/azlnLnT(Alan'vAmGg)
It =i oy 2T dyay’

A (13)

12) The advantage of the LM tests over the other approaches, such as the Wald and LR tests, is that it
only requires the restricted estimate, 2.
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where A; lies between 0 and A,-/Tl/2 foralli=1,...,n. Thus, A; 2y 0as T — o for

all i. From the previous results in Section 3, we have

It — 1 A,&lnL,,T(O,...,O,Gg) LA/azlnLnT(Ah“w&mcg)
" dy 2T dyay’
, 1 dInLi(0,...,0,03) 1 1 9%InL:7(0,...,0,073)

A ) Lo
=4 VT oy +2AE(T 81//81//

1 9InL:(0,...,0,62) 4
vT Iy

under Hy, provided that —

(14)

JA+o0p(1)

1 9%InL}7(0,...,0,07)
—N(0, Zgn)andE(T vy )=—Zgn
1 9> InLyr (A, Ay 05) (1821nL* (0,...,0,63))7
T oyoy’ dyoy’ B

0,(1). To ensure the regularity of the information matrix and well-defined asymp-

where —

totics as T — oo, we need the following assumptions:
Assumption 4. S, () is invertible in a small neighborhood around zero.

Lemma 1. Under Hy and Assumptions 1-2 and 4,
1 d*InLyr(Ay,..., Ay, 00) 1 9*InL:(0,...,0,07)

T dyoy' —EF dyoy’

) = op(1).

1
Hence, g,r 4, N(—EA'Zg’,,A,A'Eg’nA) under Hy and this result implies that Le
Cam’s first lemma holds. Denote 6% = AL, »A. From (9), (10) and (14), we obtain

1 .
the asymptotic covariance of —=g,7(6%) and g, as

\/TgnT

1 dInL:r(0,...,0,07) N 1 dInL:7(0,...,0,03)

Col 77 Iy BV Iy ) 05
(

1 Ly (0,...,0,05)
oy

JA=X,,A.

Let 7 =X, ,A. By the Cramér-Wold device, the joint asymptotic distribution of

1
ﬁgnT(

6?) and g,7 under Hy is given by

0
(e (&%).aur) iN((_%ﬂ)’ (Zj;” 62))- a6)

Hence, by Le Cam’s third lemma, 6?) 4 N(7,Z,,) under Hy 7.

1
ﬁgnT(
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Theorem 2. Under Hy r and Assumptions 1-4, as T — oo,

1
?g,,T(az)’Z;},g,,T(&) 4 X2 (W) where = A'Eq »A is a noncentrality parameter.

Theorem 2 implies that the LM test has power against local alternatives if A; £ 0

for some i due to u > 0 since X, , is positive definite by Proposition 3.

III. S Test for large » and T asymptotics

In this section, we propose the S test under a joint asymptotic framework in
which both n and T are large. The test statistic is constructed based on the quadratic
form introduced in Section 3. In Section 2, we first derive the limiting distribution
of S under Hy for the special case of non-reciprocal interactions. Section 8 extends
this result to more general network structures. Finally, Section 4 investigates the

local asymptotic power of the S test under a sequence of local alternatives.

1. Stest

1,1
E(fgnr

We propose a standardized version of the LM test, S = (62)'2;,11&7 (6%)—

n). Under Hy, the proposed test is given by:

1 1 ~2\/y—1 ~2

S= m(?gnT(G ) Z:g,ngnT(G )—I’l)
~2 / / / / / / -1 ~2
gn1,1(67) SIWaWs SIWas2sHWast oo S{Wasps), Ws) gnr,1(67)
1 1 g,,T12(6'2) sHW,s15\ Wiso sHW,Wis, e WSSt Waso g,,T.z(frZ)

= \/7271 (? ) ) ) 17) —n)
g,,TA,,((FZ) S\ Wysi1s\Wasy S WasashWasy ... saW,Wisy, gnT’n(d'z)
2 1 4
~ R R
where g,7,(67) = ) Z Vi SiSiWa Vi

t=1

1
Theorem 1 shows that ?gnr(éz)lzg,igﬂ(&z) 4, %2 as T — oo under Hy. For
sequential asymptotics (T — oo, then n — o), it is readily shown that the S test

asymptotically follows a standard normal distribution N(0, 1) under Hy since S 4
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1
er (x,% — n) as n — oo'¥_ Our primary focus, however, lies in the joint asymptotic
n

distribution of S. For the asymptotic properties of the S test when both n and T are
large, we need the following assumptions:

1
Assumption 5. sup|w;;| = O(h—) where the rate sequence {hy} can be bounded or diver-

L, n
gent.

Assumption 6. W, is uniformly bounded in row and column sums in absolute value.
Assumption 7. T is a non-decreasing function of n and n goes to infinity.

For some social interactions, each unit can be influenced by a significant por-

tion of units, Z |dij| (Lee, 2002). In such cases, the weights matrix is often row-
j=1

Yoy ldijl

1
wij = O(h—) for some divergent sequence &, uniformly over all i, j (Lee, 2004). In

normalized, with elements defined as w;; = which can depend on n as

our analys?s, h, will be specified later in Assumption 13. Assumption 6 is a standard

regularity condition for W, widely used in the spatial econometrics literature. Under
n n

Assumption 6, diagonal elements of X , satisty Z wizj < Irlye;x |w,~j|(mlax Z [wij|) <oo
=1 ’ =
for all n. Assumption 7 formalizes the joint asymptotics where both n and T are large,

with 7 — o0 as n — oo,

The crucial step in this analysis is to apply the suitable limit theorems to the
proposed S test, which involves an n-dimensional quadratic form with growing n. To
this end, we first need the analytical expression of Z(;,l in (11). The main challenge
is to invert the n X n matrix X, ,, whose off-diagonal entries are generally nonzero

when n is large.

n
. L1 wijwijil
Assumption 8. supsup j”72
noi j=1Wi 1

Assumption 8 ensures the nonsingularity of Lo, for all n. It implies that X,

is uniformly strictly diagonally dominant, because each diagonal entry is strictly

18) For x2, E(x>) = n and Var(x?) = 2n. For more details, see de Jong and Bierens (1994).
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greater than the sum of all off-diagonal elements in the same row for every i and n.
Let Zgn denote the diagonal matrix of X4 ,. Then, X4, can be expressed as X, =
Zgn - Zgan = Zgn (I, — B,) where

s'l W,,W,;sl 0 0 . 0
0 sHWuWoso 0 .. 0
/! !
z?n = 0 0 AW, Wisy ... 0 (18)
0 0 0 SWuWis,
and
0 S\ WasashWasy s\ WysashWasy ) Wisnsl, Was
S| WaW)hsy S| WaW)hsy S| WaWpisi
!
shWos1s) Waso 0 $hWous355Wyso S WousnsyWis2
) sHW, V}/,;sz ) ) shWuWyiso ) sHW, V}/,{sz
B — _ 3Was1s1Wass s3WysasoWoss 0 3Wsns, Wass (19)
n — -
SEW,Wis3 SEWaWis3 SEWaW,is3
Sy Wus1S\Wasn  spWasashWasy s, Was3siWasy 0
sW, W) s, sW, W) s, sW, W) s,

Under Assumptions 1 and 8, we have ||B,]||.. < 1'9.

Since the spectral radius p(B,) satisfies p(B,) < ||By||s < 1, the inverse of £, , =

Zg 2(I, — By) can be derived as

Sen=(—By) 52 =, + Y BEl =221+ Y BiyD !
k=1 k=1

14) The ith row sum of B, is

X 1siWasjsiWasil Xy [wijwjil

/ !
siWuWsi

n 2
=1"ij

(20)

< 1 for all i and n by Assumptions 1

and 8. The matrix B, measures the degree of reciprocity in the spatial interactions, and Assumption
8 ensures its influence is sufficiently weak for a convergent Neumann series expansion.
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where Z Bf < !9 Using (20), the proposed § statistic is given by
k=0

V2n
:\/12>n(gnT( 6%)Ze, e (6 i\FT ) BuZyy gnr(67)

21)
All elements of B, depend on W,,, which represents the underlying social interactions
or network structures. In this sense, we first examine the limiting distribution of §

under a simplified interaction in Section 2.

2. The limiting result of S in a special case

Consider the case of non-reciprocal interactions or networks, formalized in As-

sumption 9:
Assumption 9. The reciprocity of W, is zero, i.e., wijw i = 0 for all i # j.

Assumption 9 implies that the network is completely non-reciprocal; for every

pair (i, j), at most one of w;; or wj; can be nonzero. This setting can be regarded
n
Yo wijwiil

n 2
j=1Wij

as a special case of Assumption 8, since =0 for all i and n. Although

restrictive in practice, such non-reciprocal interactions have appeared in the econo-
metrics literature. Bramoullé et al. (2009) consider a social network where each
unit is influenced only by their left-hand friend. Another example is a setting with
a small number of units that exert strong influence over many others. Pesaran and

Yang (2021) provide an example of such a case, where the first unit is dominant;

15) lim (I, — (I, — B,))* = lim B = 0 due 1o p(B,) < 1
k—so0 k—soo
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the corresponding weight matrices, W2 and W'Y, are illustrated below:

00 0 0 0 1 0 w2 0 0 0 0
1 000 0 0 war 0wy 0 0 0
0 1 0 0 0 0 w3j 0 0 w34 0 0
wB=10 0 10 0 of, wr = [ wa 0 0 0 0 0
0 0 0 0 0 Watt 0 0 0 Wiin
0 Wil 0 0 0

In the remaining subsection, we consider the non-reciprocal interactions or net-
works without specifying a particular form of W,,. Under Assumption 9, the second
term in (21) is zero because all entries of B, are zero. Let $"" denote the correspond—

I 1
ing test statistic under Assumption 9, defined as §"" = Tan (?g,,r( %) Eg er(6%)—

) Using the block-diagonal structure of Z2°1, we can rewrite " as follows:

gn ’
nr 1 1 D— 2
ST = E(?gﬂ( )Z n gnT( )_”)
gnT’l(C"FZ) ! (S,I VV,,W,:S])71 0 O gnT,l(é'z)
1 ( 1 gnT,2(62) 0 (SIZW,,W,:SQ)_I 0 g,,Trz((NFZ) )
= —(5 —n
2n T : : . :
8nrn(6%) 0 0 o W) ) \gura(62)
1 % 1 ~2 ! !
= = Z (*gnTJ(G )(SiWanSl) gnTt( ) - 1)
2nim T
1 4 7/ / (7 1 4 !
where g,7;(6°) = ) Z SiSiWaVir = — —2 Z £ SiS} "WV — TV 78iSiWo Var)
=1 00 1=
Define the random variable z; ,7 and r; 7 over i =1 n as
11
%%Z,Tﬂ ViueSiSiWa Vi , ;gﬁile € Yy Wij€jt
inr = ( B N (22)
v/ SiWuW,isi (= Wle
O_%%TV/TSlS W, VnT %T@,’T Z?:l WijéjT )

(23)

FinT = =
inT ( \/.W ) ( \/7
3
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1 Y7/ ! 7
\/* Zt 1 VourSiSiWo Ve ?TVnTSiS,'WnVnT
where é,'T = Z Eit. Let? ZinT = and Fi.nT — -0

\/ SiWaWyisi ’ \/ SiWaWsi

Substituting these definitions, we rewrite S"’ as

e LR ST
Ve SiW,Wysi 62 62

L LT ey Ao WD
p ﬁzr:antstlenVnt N AR TV 15isW, Vr ,

2
oy 1 GO
M@E“ N o B ATl S My s
TN N W
T

= 1 stnW,{s,- N \/ SIW,Wysi )+ \/an‘( 52

GGl 2 g

2 n
—(672) f;(anr 1)+ﬁ( 5) T ;;ri,nT—%(? ?Z;Z,nTﬁnT

2
i)

R M)

The decomposition above shows that $*" consists of (i) the standardized sum of unit-

level interaction terms z; ,7, (i) a bias correction term involving the time-averaged

components r; 7, and (iii) a scaling adjustment from the variance.

Proposition 4. Under Hy and Assumptions 2 and 7,

j&landﬂi‘i—lzop( ! ).
6 VnT

Under Assumptions 1 and 2, z;,7, ri,r and Z; 77,7 are spatially correlated

(dependent heterogeneous) random variables with finite means and variances. That
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is, as shown in Appendix E, we have

E(ziar) =1 24)
11 pa(s—30) Y wh 3(uy—o) 1
Var(zinr) =2+ ST ( ( 7210“2121)12 AT (“463 0) " ©25)
Cov(zingzjr) = P4 = 2#4;56‘ +(09)* 1 i vg%jwﬁin :
% T ( jzlwij)(zizlei)
pa—ogl Wi p—opl Wy
of TYi,wh of TY_,wh
n 2 (XL wiw i) s =305 1 Y wiwy
T (Siwi)(Elwh)  of T (X wi) (X wh)
+ 4(#;)2 L wiwyi(Ei wawyr) | 2(43)° 1 wii(Eiy wiw )
of T(Ziwh)(Tiiwy) — of T (Tjowh)(Tiwy)
2(u3) 1 wij (i whwa) 6
oy T (Tj_ywi) (X wh
E(ripr) =1 97)
E(ZinrTinT) = \% (98)

where p; = E(g;) for s = 3,4. Assumption 9 is not needed to obtain the results
1 n

above. Thus, (24)-(28) hold for any W,. Denote Q,7 = —— Z (zmr — E(zmr)),
Van S

n n

1 1 o .
Py = - Y (riar — E(rinr)), and Uz = . Y. (ZinrFint — E(ZinrFinr))- Then, the
i=1 i=1
mean and variance of Q,r, Up,, = E(Qnr) and Xg,, = Var(Q,r) can be found in

Proposition 5.

Proposition 5. Under Assumptions 1-2 and 5-6,
h2

lu'QnT = O and ZQnT = 1 + 0(7”)'

Assumption 9 is not required for Proposition 5; therefore, the result holds for

any W,. Moreover, if h, is bounded, O(h2/T) = O(1/T). Using (24), (27) and (28),
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we have

2 2 2 n 2
w00 2 1 052N 1 o5.,vnl 2 05 [n
=(=2 — (2 P+ —(22 -YVE - (2 —
N (62) Onr + (62) T nT + ﬂ(d'z) T ni:Zl (rtnT) 2(6'2) TUnT
2 03, [n1 1 &0,
——=(= —szf Fiy —2 — ) —1
ﬁ 62) Tn ~ (ZlJlTrlﬂT)+ mi:l (( 62) )
2 2 2 2 n 2
G \2 1 ,05.,vn 2 05, [n 1 o5.,vn 1 0y \»
=(= — (=) P — —=(= —U, —————2 — )" —1).
(62) QnT+ \/2(62) T nT \/5(52) T nT \/2(62) T + 2ni:1((62) )

We apply limit theorems to Q,r, P,7, and U, in (2). We note that the classical
CLT and LLN for linear-quadratic forms are not directly applicable here, because
ZinTs Tinr and Zj,7Fi 7 involve nonlinear transformation or products of Z; ,7 and
7i ot - In this sense, we will employ the CLT and LLN under near-epoch dependence,
established by Jenish and Prucha (2012)'9. We first show that ZinT and 7y, are Lo-
near-epoch dependent (NED)!?.

Let D c R? (d > 1) be a lattice of unevenly placed locations in R?. Assume that
each unit i has its fixed location in R? over time ¢ = 1,...,T. Define the location
function1:i={1,...,n} = D, €D C R by 1(i) = (1;(i),...,14(i)). Assume |D,| =n
where |A| denotes the cardinality of A. The distance between 1(i) and 1() is defined
as p(1(i),1(j)) = 1TJ?<Xd{|lk(i) —L(j)|}'®. In what follows, we identify unit i with its
spatial location 1(7) and similarly for j, i.e., we write i =1(i) and j =1(j) for notational
convenience.

Let & ={¢&;,...,&1,i € Ty,n > 1} be a random field where D, C T,, C D. Con-
sider the following o-field, % ,r(s) = G(Ejl,...,sjr;j € T,p(i,j) < s), which is
generated by the random variables located within the s-neighborhood of unit i. To
apply the increasing domain asymptotics of Jenish and Prucha (2012), we need the

following assumption.

Assumption 10. The lattice D C R? (d > 1) is infinitely countable. All elements in D are
located at distances of at least py > O from each other, i.e., p(i,j) > po for all i, j € Dy

16) Jenish and Prucha (2012) extend the concept of near-epoch dependent (NED) processes used in the
time series literature to spatial processes.

17) An key feature of NED processes is that the NED property is preserved under measurable transfor-
mations (Jenish and Prucha, 2012).

18) We refer to Jeong and Lee (2021) for this setting.
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Without loss of generality, we assume that po > 1.

Let Z = {Ziur,i € Dy,n > 1} be a random field with ||Z;,r||, < (p >1) and
let d = {d:-,n,i € Dy,n > 1} be an array of finite positive constants'?. Then, the
random field Z is said to be L,-NED on & = {&,...,&r,i € Ty,n > 1} if ||Z,7 —

E(Ziur| Zinr (5))||2 < din¥(s) where ¥(s) — 0 as s — oo. If supsupd;, < oo, then Z
n €Dy
is said to be uniformly L,-NED on &. Similarly, define a random field for R =

{7[7,17,1' S Dn,l’l > 1}

Lemma 2. Under Assumptions 1 and 2,

Zint and Fipr are uniformly L, bounded where p =4+, i.e., sup sup ||Z; u7||44n < oo and
n €Dy,

sup sup ||7i 7 |47 < oo,
n ieD,
Proposition 6. Under Assumptions 1, 2, and 10,
Z={Ziur,i € Dy,n > 1} and R = {F;yr,i € Dy,n > 1} are uniformly Ly-NED on & with

" wi1(p(i,] )>s)20).

7(s) = sup sup

n 2
n i€Dy, j=1Wij
. ij . .. . -
Remark 1. Using w;‘j = / ; for all i, j, we can rewrite Z; ,7 and 7,7 as
n
J=1Vij

1
o-igiTZt:]SltZ —1 Wij€jr 1 1 L n
.
ZinT = — =2 JT Z Eir Z wii€jt (29)
j=1 Wij 0 =1 j=I
1 7z n
GT%T&T Zj—l Wii&jT 1 n
- - .=
Finr = = —T&r Y wigr (30)
n 2 O i1
j=1Wij =

For both ||Zi,nT _E(Zi,n7|9i,nT( ))||2 and ||Fi nT —E(fi nr‘y,’ ,17‘( ))||2, we can take the

same sup sup d; , = 1 and ¥(s) = sup sup \/Z wi1(p (i, j) > 5) where Z wi?

n ieD, n i€Dy j=1

19) For any random variable Y, let ||Y||, = (ElY|I")/?, p>1.
20) 1(p(i, j) > s) is an indicator function where 1(p(i, j) > s) = 0if the distance between i and j is equal
to or less than s. As s gets larger, l(p(i,j) > s) goes (o zero.
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The NED property is preserved under multiplication (Jenish and Prucha, 2012;
Xu and Lee, 2015). We therefore next examine the variables z; ,7 = (Zmr)z, TinT =
(f,-,nT)z, and Z; y77ipr. Let Z = {zjur,i € Dy,n > 1} be a random field with ||z o7||, <
o (p>1)and d ={d;,,i € Dy,n > 1} be an array of finite positive constants. Then,
the random field Z is said to be Ly-NED on & if ||zi 7 — E (zin7 |- Finr (5))| |2 < din¥(s)

where y(s) — 0 as s — oo. If supsupd;, < oo, then Z is said to be uniformly L,-
n i€Dy
NED on &. Similarly, define random fields for R = {ri,r,i € Dy,n > 1} and K =

{ZinrFinr,i € Dyyn > 1}.

Proposition 7. Under Assumptions 1, 2, and 10,

Z= {Zi,nTai € Dy,n > 1}7 R= {ri,nTai € Dp,n > 1} and K = {Zi,ani,nT,i €Dy,n> 1}
w21 (p(i,j) > s)\ gk

are uniformly Ly-NED on & with y(s) = sup sup ( j=1"ij (p( J) ) ) s

n i€Dy

n 2
=1 Vi

We apply the CLT under near-epoch dependence to Q,7 and the LLN under
near-epoch dependence to B,y and U,r in (2). Following Xu and Lee (2015), we

assume the following conditions in addition to Assumptions 1 and 5.

Assumption 11. The weights w;j in W, satisfy at least one of the following conditions:
(1) Only individuals whose distances are less than or equal to some specific constant may affect
each other directly. Without loss of generality, we set it as po > 1. That is to say, w;; can be
nonzero only if p(i, j) < Po.

Wi
(2) There exists an o0 > d > 1 and a constant Cy > 0 such that i

U < o/ )

2
j=1Wij

J
Assumption 12. oo > d- (2.5 —|—4n_1)

-

Assumption 13. lim — 0.

n—seo pl/2

As discussed in Xu and Lee (2015), Assumption 11(1) is stronger than As-
sumption 11(2) in the sense that Assumption 11(2) allows an interaction even if
two locations are far away from each other. In our case, it requires the strength to
decline with p(i, j) in the power of o given by Assumption 12 to make the strength
of spatial dependence decay sufliciently fast. Finally, Assumption 13, together with
% — k where 0 < k < oo, guarantees that the variance of Q,r converges to one (see

Proposition 5).
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Proposition 8. Under Assumptions 1-2, 5-7 and 10-18, and ; — k where 0 < k < oo,
n

Our = Z ZinT — Zz nT)) %N(O 1)
l=1

Proposition 9. Under Assumptions 1-2, 7 and 10,

n

1 & 1
Pr = P Z (rinr —E(rinr)) 20 and Uyr = P Z (Zi,an’i,nT — E(Zi,an’i,nT)) Zo.

i=1 i=1

Hence, as we analyze the statistics in (2), we can find the asymptotic distribution

of the proposed S test in a special case under Assumption 9 in Theorem 3.

Theorem 3. Under Hy, Assumptions 1-2, 5-7, 9-18, and ; — k where 0 < k < oo,

1 1 ~2\/y—1 ~2 d
=T z - 1).
S \/ﬂ(Tg"T(G ) g7ngnT(G ) I’l) —>1\,(07 )

Theorem 3 imposes a restriction on the relative expansion rates of n and T such
n
that T — k where 0 < k < oo. Hence, in the case of the completely non-reciprocal
interactions, the conclusions on whether a spatial dependence exists or not, when n is
asymptotically proportional to T or when T grows faster than n, can be drawn based
/W Y 2
Z ( 02 \th 1 m‘slsi n nt)
V2 ;VVan/ Si

on the value of the proposed test statistic, S =

3. The limiting result of S in more general interactions

Assumption 9 (completely non-reciprocal interactions) is too strong in practice;
we now allow the reciprocities (w;jwj; # 0) in a network, which yields a non-diagonal
Xgnin (11). To establish the asymptotic properties of S in more general interactions,

it suffices to analyze the term Z \/» Tg,,T( )/B ZDn enr (6 ) in (21), since The-

orem 3 is directly applicable to the leading term. If this additional component con-
verges (0 zero at an appropriate rate, the proposed S test remains asymptotically
standard normal even when reciprocal interactions are present. We formalize this

setting as follows:

[wijwjil ! -
Assumption 14. sup % = O(h—*) where the rate sequence {h;,} is divergent.
i J ij n
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Assumption 14 implies that the social interactions or networks are asymptot-
ically weakly reciprocal. Assumption 9 is a special case of Assumption 14, so As-
sumption 14 accommodates a broader range of interactions. The following condi-
tion specifies a growth rate for A, that makes the reciprocal component asymptoti-
cally negligible.

h,

Assumption 15. lim —7 = co.
n—oop /2

Proposition 10. Under Hy and Assumptions 1-2, 6-8, and 14-15,
- 1 1 ~2\/ pkyD—1 ~2
. 6°)B.X 6°) = 1).
];1 ngnT( ) n=g.n gnT( ) 017( )
Hence, as we analyze the statistics in (21), we can find the asymptotic distribution
of the proposed S test in more general interaction under Assumptions 14 and 15 in

Corollary 1.

Corollary 1. Under Hy, Assumptions 1-2, 5-8 and 10-15, and % — kwhere 0 < k < oo,

\/lzfn(;gnT(ﬁz)'Z_lgnr(Gz) —n) 4 N(0,1).

§= gn

Corollary 1 implies that under Assumptions 14 and 15, § is asymptotically
equivalent to ", i.e., |[S—S""| = 0,(1). Hence, when reciprocal interactions present,
the conclusions on whether a spatial dependence exists or not, when n is asymptot-
ically proportional to T or when T grows faster than n, can be drawn based on

'Y e, r(62) —n), or its

| S R
E(fgnT(G) en

the value of the proposed test statistic, S =

asymptotically equivalent form S™".

4. Power of the proposed S test under local alternatives

For the asymptotic local power of the § test, we adopt the following local alter-

natives:

A;

H 2000 = s
1,nT 510 nl/4T1/27

i=1,...,n 31)
where A; are fixed constants, with A; # 0 for a non-zero fraction of units. De-

) . 1 . .
note AP = diag(Ay,...,A,) and wh — diag(8i0,...,0m0) = WAD. Since S is
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asymptotically equivalent to S as shown in Corollary 1, it is sufficient to consider "
when studying the asymptotic behavior under the local alternatives. Under Hj ,r,

S™ can be expressed as

(32 77 Ximt Vi (I = W W,) ~VsisiWo (1, — PHW,) 1)

\/ﬂ Z ( SiW, W /s

S

—1) (32)

1
where (I, = WHw,) "1 =1, + Z 1/4T1/2ADW )% < eo for large enough n by As-

sumption 4. Then, we can expand this as follows:

g _ 1 i((é%ZLVJI(IHZZ:l( 1/4T1/2A W) )s,sW( + X ( 1/41T]/2ADWn)k)an)2 1)
V2n = SIW,Wis;
_ 1 i ((éTZ V VtSEWan)Z - 1) Z (62 T Z, 1V/tWn/ADS,'SWVn‘7,”)2
2n = siWaWisi \/in ~ SIW,Wis;
118 (SEYD V! sisiW,APW, V)
_'_772 52T / 1," +0p(1)
2n = ;W W, si

since | — f Z V! (APw,) sy iSiW, (APW,)1V,,.| = Op(ﬁ) by Lemmas A.2 and A.3 for

any integers k ,q > 0, and the Neumann-series remainder is 0,(1) under the local

alternative.

11 (7 (7
Z": ( (? T Y1 VoesisiWaViu )
- SIW, W /s
3. The asymptotic power thus depends on the limit of the following expression:

We show that -1) 4 N(0,1) in Theorem

o _*i(i%z L Vi Wi AP sistW Vi )2 + (35 5 Ly VisisiWa AP W, Vi )2
" SIW,W/s; '

Denote ® = lim ®,,7.
n—oo

Theorem 4. Under Hy ,,, Assumptions 1-2, 4-8 and 10-15, and ; — k where 0 < k <

1 1 ~2\/y—1 ~2 d @
o, §=—— (= 6°)XY, ,8nT(6°) —n) = N(—=,1).
75 (i (69 Z i (8%) =) S N(5.1)

Theorem 4 implies that the S test has power against local alternatives if A; # 0 for
A (T Wi + (X Ajwijwii)?

anon-zero fraction of units in the limit due to ® = lim — Z - 5
e j=1Wij
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0. In particular, under Assumption 14, ¢ reduces to ® = lgn ZAZ Z wl] > 02D,
<N j=1

5. Power properties of S by comparison with M

To understand the properties of the proposed § test, we compare it with the
traditional M test, focusing on how each statistic responds to heterogeneous spatial

lag coellicients. As discussed in the previous section, the proposed S test is based on

dInL,7(0,...,0,62) y
nL,r (375 ) = 6— Z " sisiW, ¥, for all i; we construct the n x 1 normalized
i

gradient vector as

1

S]SIW Yn[,

Rl

1 ~2)_L8lnL,,T(O,...,O,6'2) 1 Z
VT dy O'Zf

!/
sns W, Ym>

(33)
where each element measures the distance away [rom zero at the restricted maxi-
mum. If the restriction is negligible (under Hy, ¥,; = V,,;), these distances should be
close to zero up to sampling error. Using the asymptotic variance and a standardized

formulation of the LM test, we propose the S test as

S= \/1271 (%gnT(ﬁz)’Z;,],gnr(ﬁz) —n)
%%t;f/ 5181 Wo Y l %%;Y 181 WaYu
_ L( %%g 5285 W, ¥ .- %%éf/ 5285 WY o (17)
V2n .
é%é WS WaTon = %; Sus, WaTo

where X, is the corresponding asymptotic variance used for normalization. We

11 G
note that S adds up squared values of each distance (? Wi Z ! 5istW, ¥ )? > 0 for
t=1
all i due to the quadratic structure.
(X IA wijwji)® Lo X wiwil

21) The second term | > | < (max|Aj|) Y wii- (F55—5—)" tends to zero uniformly in
J=1%ij ! J=1 =1"ij

i, making the second part asymptotically negligible.
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We now consider the summation of the entries of the vector in (88) over i as
n 1 1 T
~ Va4 / % !
Z \anTz G Z ? \/T ZYntsisiWnYnt = ? T ZYmWn nt (34)

é % Ztrzl ﬁ:ngf]nt
tr(W)W, +W2)
where 4/ tr(W/W, +W?) is a normalization factor. It turns out that the traditional M

test adds up the values of each distance, which may have different signs. Hence,

1
It is noteworthy that — 52 \/» Z YW, .Y, is the numerator of M =

the power of M may be low when these terms cancel each other out, even if the
restriction is violated.
These diflerences in the construction of the two tests have direct implications

for their power properties under heterogeneous spatial lag Coefﬁcients As shown

in Theorems 4 and D.2, the power of § depends on lim — ZA2 Z wu, while the

n—eo =

power of M depends on lim — Z A; Z wizj. If the sign of A; is different across i, the
n—oo i—1 ]:1
power of the traditional M test may decrease, or even vanish due to cancellations.

By contrast, even in this case, the power of the proposed S test remains positive
as long as A; # 0 for a non-zero fraction of units. In summary, the M test may
suffer from low power when spatial lag coeflicients exhibit heterogeneity, especially
in small samples. In contrast, the S test remains powerful in such settings, because

it behaves consistently.

IV. Monte Carlo simulations

1. Data generating processes

To investigate the performance of the proposed S test, we conduct Monte Carlo

experiments. We consider the following data generating process (DGP 1), defined
by (3).

DGP 1 (The SAR panel data model with heterogeneous spatial lag coeflicients).

Ynl = (In - lIJ()‘/Vn)il (cn() + Vnt) (3)



BOK Working Paper No. 2026-8

where ¥y = diag (010, - . ., 0n0), Wy is an n X n spatial weights matrix, ¢y is an n X 1 vector
of individual fixed effects, and Vy; is an n x 1 vector of i.i.d. disturbances with zero mean and
finite variance o

1

(li—jl+D*
set w; =0, and apply row normalization. We set ¢, = 0.1-U|0,1] for the fixed

We construct a distance-based weight matrix with elements w;; =

effects. For the test power analysis, we consider three scenarios: (1) all positive spatial
effects with chi-square distributed heterogeneity, Wy = diag(dio, . . ., 6,0) where 8 =
A+8,- (¢} —1)/v2 with A = 0.1 and &, = 0.14; (2) mixed-signs of spatial effects
with normally distributed heterogeneity, Wy = diag(dio,...,8,0) where &y =1 +
0, -N(0,1) with A =0.05 and &, = 0.14; (3) spatial effects symmetrically distributed
around zero with uniformly distributed heterogeneity, ¥y = diag(¥io, . . ., 0,0) where
8o = 8,-U(—1,1) with &, = 0.282%. Figure 1 illustrates the spatial lag coefficients
of these alternatives in the case of n =75 used in the simulation.

Finally, we consider three distributions of the disturbances: normal N(0, 1), uni-
form U[—+/3,V/3] and chi-square (x2 —5)/v/10 distributions with zero mean and
Gg = 1. We use 1,000 replications for the size and power analyses, keeping ¥, W,,,

and ¢, fixed and redrawing the disturbances V,; in each replication.

s e
08 06 04 02 0 02 04 06 08 08 06 04 o0 Toe 04 06 08 08 06 04 02 0 02 04 06 08

(a) . Scenario (1) (b) . Scenario (2) (c) . Scenario (3)
Figure 1. Heterogeneous spatial lag coefficients in DGP 1 (n =75)

2. Results

We report the size and power properties for n € {25,50,75,100} and T € {25,50,75,100}
using N(0,1), U[—v/3,V/3], and (x2 —5)/+/10 disturbances at the 5% significance

level.

22) A controls the overall magnitude of spatial dependence, while §, governs the degree of heterogeneity
across units. When &, = 0, the spatial coeflicients are homogeneous.
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Table 1 reports the size of the proposed S test. Across all configurations, the null
hypothesis is rejected at rates slightly higher than the nominal 5% level, regardless of
the disturbance distribution. As T increases, the size distortion diminishes, and when
T grows sufliciently fast relative to n, the empirical size approaches the theoretical
value of 0.050, consistent with the joint asymptotic results discussed in Sections 2
and 3. In contrast, when n becomes notably larger than T, size distortions remain

more pronounced, reflecting finite sample limitations in high-dimensional settings.

Table 1. Size of the proposed S test

T=25 T=50 T=75 T=100

€; ~N(0,1) n=25 0.079  0.070  0.074 0.071
n =50 0.097  0.074  0.064 0.071
n="175 0.092  0.071  0.064 0.063
n=100 | 0.115 0.085 0.063 0.065

& ~U[-V3,V3] n=25 0.078  0.067  0.062 0.070
n =50 0.074  0.066  0.063 0.064
n="75 0.081 0.077  0.078 0.067
n=100 | 0.100 0.087  0.056 0.052

g~ (x2-5)/V10 n=25 | 0.107 0.087 0.074  0.071
n =50 0.111  0.084 0.075 0.071
n="175 0.125  0.068  0.063 0.063
n=100 | 0.115 0.085 0.063 0.065

Table 2 reports the power of the S and M tests under Scenario (1). Scenario (1)
corresponds to the case in which all spatial effects are positive but heterogeneous,
a situation that often arises in economic applications. As predicted in Section 5,
both tests exhibit good power properties across all combinations of n and T, since
the absence of sign changes prevents systematic cancellation in the test statistics.
As the sample size increases, the power approaches its theoretical limit of 1.000,
reflecting the consistency of both tests under this alternative. The results are stable
across different disturbance distributions. Nevertheless, even when all spatial effects
are positive, the S test may exhibit higher power than the M test, particularly in

small samples, due to its quadratic aggregation of unit-level deviations.

Table 3 reports the power of the S and M tests under Scenario (2). Scenario (2)
reflects the case in which the majority of spatial effects are positive, while a non-
negligible fraction of units exhibit negative effects, introducing partial sign hetero-

geneity. Although both tests retain good power properties, similar to Scenario (1),
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Table 2. Power comparison under Scenario (1)
Proposed S test Traditional M test

T=25T=50T=75T=100T=25T=50T=75T=100
n=25 1 0.626 0.909 0.985 1.000| 0.472 0.738 0.896 0.957
Ejr ~ n=>50 | 0.672 0.987 0.997 1.000| 0.601 0.883 0.972 0.998
N(0,1) n=75 | 0.786 0.985 1.000 1.000| 0.804 0.971 0.996 1.000
n=100| 0.914 1.000 1.000 1.000| 0.926 0.998 1.000 1.000
n=25 | 0.610 0.918 0.990 0.999| 0.485 0.726 0.891 0.963
Eir ~ n=>50 | 0.688 0.944 0.998 1.000| 0.599 0.883 0.977 0.993
U[-V3,V3] n=75 | 0.807 0.990 1.000 1.000| 0.796 0.972 0.999 1.000
n=100| 0.903 0.998 1.000 1.000| 0.915 0.995 1.000 1.000
n=25 1 0.609 0.883 0.976 0.998| 0.472 0.755 0.896 0.950
Eir ~ n=>50 | 0.626 0.914 0.990 0.999| 0.595 0.867 0.972 0.991
(23 —=5)/V10 n=75 | 0.796 0.979 1.000 1.000| 0.787 0.969 0.998 1.000
n=100] 0.865 0.994 1.000 1.000| 0.910 0.997 1.000 1.000

Note: Scenario (1); o= A + 5;,()(12 — l)/ﬁ with A =0.1 and &, = 0.14.

the impact of heterogeneity becomes more pronounced for the traditional M test.
In particular, the power of the M test is lower than that of the S test, reflecting the
cancellation effects discussed in Section 5. Because the M test aggregates signed
contributions, opposing effects may offset each other even when spatial dependence
is present. This loss of power is more evident in small samples and may even per-
sist, or slightly worsen, as n increases relative to T. These patterns are observed

consistently across different disturbance distributions.

Table 4 reports the power of the S and M tests under Scenario (3). Although this
scenario represents an unlikely configuration in empirical applications, it is designed
to illustrate the extreme case of near-perfect cancellation arising from symmetrically
mixed signs of spatial effects. In this setting, the power of the M test is substantially
reduced and remains close to zero in many configurations, even as the sample size
increases. By contrast, the S test continues to exhibit strong power. This contrast
highlights the vulnerability of aggregation-based tests to cancellation under hetero-
geneous spatial dependence and underscores the usefulness of the proposed S test
in such settings.

Opverall, the proposed S test exhibits satisfactory finite sample performance and

consistently higher power than the traditional M test in networks with heterogeneous
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Table 3. Power comparison under Scenario (2)

Proposed S test Traditional M test

T=25T=50T=75T=100T=25T=50 T=75 T =100

n=25 | 0378 0.655 0.850 0.950| 0.187 0.324 0.449 0.539

i ~ n=>50 | 0.644 0.935 0.998 1.000| 0.374 0.663 0.794 0.912
N(0,1) n=75 | 0.726 0.963 0.998 1.000| 0.317 0.534 0.695 0.837
n=100| 0.798 0.985 0.999 1.000| 0.382 0.628 0.798 0.897

n=25 | 0.363 0.629 0.851 0.947| 0.174 0.309 0.427 0.543

& ~ n=50 | 0.645 0.942 0.998 1.000| 0.376 0.632 0.812 0.909
U-V3,V3] n=75 | 0695 0.969 1.000 1.000| 0.294 0.519 0.700 0.817
n=100| 0.791 0.991 1.000 1.000| 0.352 0.629 0.791 0.900

n=25 | 0415 0.647 0.857 0.945| 0.200 0.318 0.456 0.534

Ejp ~ n=>50 | 0.655 0.932 0.999 1.000| 0.370 0.631 0.799 0.906
(%5 -5)/V10 n=75 | 0727 0.963 0.999 1.000| 0.385 0.557 0.712 0.828
n=100| 0.818 0.991 1.000 1.000| 0.388 0.625 0.811 0.898

Note: Scenario (2); 6y = A + 6,N(0,1) with A =0.05 and &, = 0.14.

spatial effects, particularly when the sample size is small. These results highlight

the importance of accounting for heterogeneity in spatial interactions and suggest

that homogeneity-based tests may lead to misleading inference in the presence of

heterogeneous spatial dependence, as discussed in Section 5.

Table 4. Power comparison under Scenario (3)

Proposed S test Traditional M test

T=25T=50T=75T=100{T=25T=50T=75T=100

n=25 | 0.450 0.782 0.935 0.990] 0.093 0.185 0.166 0.208

&ir ~ n=>50 | 0.687 0.954 0.999 1.000| 0.113 0.144 0.185 0.231
N(0,1) n=75 | 0.782 0.989 1.000 1.000| 0.053 0.065 0.068 0.059
n=100| 0.870 0.997 1.000 1.000| 0.056 0.050 0.055 0.053

n=25 | 0.433 0.766 0.938 0.986| 0.088 0.106 0.151 0.189

&ir ~ n=>50 | 0.679 0.957 0.998 1.000| 0.081 0.122 0.163 0.215
Ul-V3,V3] n=75 | 0.758 0.990 1.000 1.000| 0.046 0.049 0.058 0.058
n=100| 0.865 0.999 1.000 1.000| 0.049 0.047 0.051 0.049

n=25 | 0.478 0.777 0.930 0.989] 0.125 0.137 0.178 0.210

Eir ~ n=>50 | 0.663 0.949 0.996 1.000| 0.093 0.150 0.185 0.285
(X2 —5)/V10 n=75 | 0789 0.989 1.000 1.000| 0.078 0.066 0.062 0.061
n=100| 0.877 0.997 1.000 1.000| 0.064 0.065 0.053 0.062

Note: Scenario (3); 69 = &, -U(—1,1) with &, = 0.28.
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V. An empirical illustration

1. Motivation: Heterogeneous Effects in Knowledge Spillovers

To illustrate the practicality of the proposed S test, we present a simple em-
pirical application to the international knowledge spillover. Research on interna-
tional knowledge spillovers has progressed substantially since the seminal contribu-
tion of Coe and Helpman (1995)?®. They consider the following specification for

innovation-driven growth:
log(F) = o + of' log(5¢) + Ocl.flog(Sif) (385)

where i indexes countries, F; denotes total factor productivity (TFP), S,‘-l is the do-
mestic R&D capital stock, and Slf is the foreign R&D capital stock defined as the
import-share-weighted average of the R&D capital stocks of trade partners. They
show that a country’s TFP depends not only on domestic R&D capital but also
on foreign R&D capital, with the latter becoming more important as the economy
becomes more open to trade.

Beyond theoretical advances, our understanding of knowledge spillovers has im-
proved through developments in econometric methodology, the availability of new
data sources, and careful empirical work (Keller, 2022). In particular, spatial econo-
metric models provide a natural framework for analyzing knowledge spillovers and
interactions based on technological or economic proximity, as surveyed by Autant-
Bernard (2012). In country-level studies, bilateral trade data are widely used to con-
struct spatial weights matrices motivated by the trade channel?”. Within the spatial
econometric [ramework, the standard approach to testing spatial dependence is to
formulate hypotheses on a homogeneous spatial lag coefficient.

However, before proceeding to estimation and inference in panel data models,
one may wish to test whether spatial dependence in knowledge production exists in

a heterogeneous setting, as in (35). Accordingly, we consider the following spatial

28) For surveys of the early literature on international knowledge spillovers, see Coe et al. (2009).

24) See Ho et al. (2013), Ho et al. (2018), and Elhorst et al. (2021), among others.
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autoregressive model with heterogeneous coeflicients:

n
)’it:5i02w,~jyj;+cio+8i;, i=1,....n,t=1,....T, (36)
j=1
where y;; denotes innovation output, w;; is a spatial weight based on bilateral import
flows, cjp is a country-specific fixed effect, and € is an error term. The hypothesis
of interest is Hy : ;9 =0 forall i=1,...,n against H; : 8,y # 0 for a non-zero fraction
of units.

To construct the test statistic, patent-based indicators are commonly used as
proxies for innovation production, following the existing literature?”. However,
country-level patent data are typically available only at an annual frequency. As
a result, existing testing procedures often require that n be notably smaller than the
time dimension T to ensure validity (e.g., LM tests applied to a small group of in-
novative countries). In contrast, the proposed § test remains valid when 7 is large,
making it suitable for testing the hypothesis in (36). For comparison, we also report

results from the traditional M test using the same data.

2. Data

We use a balanced panel of 27 innovative countries over the period 1985-
202129, The output, y;, is measured as the annual growth rate of triadic patent
applications (Alog patent applications)>”. We use triadic patent families from the
OECD Main Science and Technology Indicators (MSTI), following Drivas et al.
(2022)?®. The widely used patent indicators are based on counts of patent applica-

tions filed at a single patent office??). In contrast to patent counts based on a single

25) See Bottazzi and Peri (2007), Mancusi (2008), Ho et al. (2018), Drivas et al. (2022), and Eugster et
al. (2022), among others.

26) See Appendix G for the list of sample countries. These countries account for approximately 96% of
global innovation activity in 2021.

27) The total number of observations is 972 (n =27 and T = 36).

28) Triadic patent families are sets of patents filed at three major patent offices—the European Patent
Office (EPO), the Japan Patent Office (JPO), and the United States Patent and Trademark Office
(USPTO)—to protect the same innovation.

29) For example, Bottazzi and Peri (2007), Ho et al. (2018), and Hovhannisyan and Sedgley (2019) use
USPTO patent data, while Mancusi (2008) uses EPO patent data.
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office, triadic patents mitigate home-bias eflects and improve cross-country compa-
rability (Dernis and Khan, 2004). Accordingly, the triadic patent indicator provides
a more comparable measure of knowledge production across countries. Finally, the
spatial weights matrix is constructed using average bilateral import flows over the
period 1998-2016, obtained from the IMF Direction of Trade Statistics (DOTS).

3. Results

Table 5 reports the results of the proposed S test and the traditional M test. The
S test provides strong evidence against the null hypothesis of no spatial dependence,
rejecting it at the 1% significance level. In contrast, the same null hypothesis is not
rejected at the 10% level when the M test is employed. This contrast suggests that the
traditional test may fail to detect spatial dependence when spatial processes are het-
erogeneous. The empirical findings are consistent with the theoretical discussion in
Section 5 and the simulation evidence in Section IV, which show that homogeneity-

based tests can suffer from low power under heterogeneous alternatives.

Table 5. Results of the S and M tests
The S test The M test
N(0,1) test 2.8184%* 15798

Note: ™ p < 0.01, *p < 0.05, and “p < 0.1

VI. Conclusion

In this paper, we propose a test for spatial dependence in spatial panel data
models with fully heterogeneous spatial lag coeflicients when both n and T are large.
We first derive an LM test under large T asymptotics to avoid issues related to
identification and dimensionality. We then propose the S test, a standardized version
of the LM test, and derive its limiting distributions under the null hypothesis and
local alternatives as both n and T jointly tend to infinity. Our asymptotic analysis
relies on limit theorems under near-epoch dependence.

We further show that the traditional test may lose power when spatial effects

are heterogeneous, implying that it does not behave consistently across alternative
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hypotheses. Monte Carlo simulations demonstrate that the proposed S test exhibits
satisfactory finite sample properties and is more powerful than the traditional test in
such settings. We also apply our approach to an empirical example of international
knowledge spillovers, where the results indicate that traditional testing procedures
may draw erroneous conclusions on spatial dependence in the presence of hetero-
geneity. Overall, our findings highlight that assuming homogeneity can be mislead-
ing, and that the proposed test provides a consistent and powerful alternative.
Several extensions of the proposed framework are left for future research. One
natural direction is to develop tests for spatial lag homogeneity in panel data models
with large n and T, where the null hypothesis of homogeneous spatial coeflicients is
evaluated against heterogeneous alternatives. Such a specification test can be viewed
as a generalization of the approach proposed in this paper. Another promising study
is the development of feasible estimation methods for heterogeneous spatial panel

models when both dimensions are large.
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Appendix A Some basic lemmas

We provide some basic properties and the law of large numbers which are useful

for showing the asymptotic results of our statistics.

Assumption Al. The disturbances €y, i=1,....nandt =1,...,T, are i.i.d. across i and

t with zero mean, finite variance Gg >0, and E |8i,|4+n < oo for some 1 > 0.

Assumption A2. The spatial weights matrix W, is time-invariant and its diagonal elements

satisfy wi; =0 fori=1,...,n
Assumption A3. W, is uniformly bounded in row and column sums in absolute value.

Assumption A4. n is a non-decreasing function of T and T goes to infinity.

Assumption A4 allows two cases: (i) n — o0 as T — oo; (ii) n is lixed as T — oo.

Thus, our analysis applies to large T asymptotics. Denote V,; = V; — V7 where
Vor = T Z Ve with Vi, = (€14,...,&y)". Define s; as an n x 1 vector of zeros, except
for one at the ith element for i = 1,...,n. Suppose that an n X n nonstochastic matrix

By, is a multiplication of s;s; and W,,. For example, B, = s;s:W,, or B, = W,.s;siW,,.

Lemma A.1. Under Assumptions A2 and A8, for any matrix B,
tr(B,) = O(1), tr(B>) = O(1) and tr(B,B,) = O(1).

Lemma A.2. Under Assumptions A1-A4, for any matrix B,,

ZVBV 0(1),

Lemma A.3. Under Assumptions A1-A4, for any matrix B,,
1 & 1
T Z V! B,V — Z VBV ) = 0,( ﬁ)’

1
e BaVar — (VnTB V) = op(?),

T -, B T 1
; VBV, ; op(ﬁ).

Nl
ﬂ\
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Lemmas A.1-A.3 also hold when B, = W,f‘/s,-sﬁw,‘f’ for any nonnegative integers

k and g because similar arguments can be applicable to the matrix.

Proof of Lemma A.1 For the maximum row sum or column sum norm || ||,
[[Wa|| < c for all n by Assumption A3. By its submultiplicative property, ||W,|| <
|[W|[|[Wo|| < ¢%. Thus, any matrix product of W, is uniformly bounded in row and
column sums in absolute value (for short, UB). Then, for any matrix B,, tr(B,)
can be written as tr(siM,s;) where M, is UB for any i. Since any elements of M,
are uniformly bounded and tr(siM,s;) = siM,s; is the (i,i)th element of M,, we
have tr(B,) = O(1). Similar arguments can be applied to show tr(B2) = O(1) and
tr(B,B.,) = O(1).

Proof of LemmaA.2 First, E(— Z V! B,Vy:) = ogtr(B,) = O(1) and E(V/;

<|
OJ
§|
i

1 1
Tcgtr(Bn) = O(?) by Lemma A.1. Using these results, we can show E(

1 1
E(? Zv’ B,V — VirB\Vur) = ogtr(B,) — fcgtr(B,,) =0(1).
1=

1 T
Proof of Lemma A.8 First, consider T Z V!B, V. For any matrix B, we have

1 n
Var(?tz:V BVir) ZVar (Vi:BiViur) ((,u4—363);b,21’ii+O'Str(B,l(Bn—i-B:,)))
- (A.1)
n
By Lemma A.1, tr(B2) = O(1), tr(B,B.,) = O(1) and Z i Z §'Bysi)* = s\B,Bys; =

1 & 1
O(1). Thus, Var(? Z V! B,\Vy) = 0(?) By Chebyshev’s inequality, for any € > 0,

t=1

1 & V. V!BV, o(1/T
P(I5 Y ViBaVuu—E ZVBV, |>€) < ar(r B VieBaVor) _ (Sg ) a9
=1

g2

1 T
so we have T Z VBV — Z VyiBuViu) = 0,(
=1

-



BOK Working Paper No. 2026-8

Next, consider VB, V,7 — E(V,B,V,r). Then, we have

_ B B _ 1 T 1 T 1 T 1 T
Vr:TBnVnT *E(Vy{TBnVnT) = (? Z Vnt)/Bn(? Z Vnt) *E((? Z an),Bn(? ZVnt)>
=1 t=1 =1 =1
1 T
= (g L Vi ZV BiVo) (A.3)
1
ZZ Buns — ZZ :Buny))
t 1s#t t 1s#t

Using the previous result, the first termis O (= 73 T=5
sF#L

—1
ogtr(B,B,) = O(1) by Lemma A.1, so it is 0, (T ") by Chebyshev’s inequality.

o o 1
Thus, we have V!B, V,r —E(V.B,V,7) = op(?).

£,

Finally, consider — Z V! BV — V/[Ban). Then, we have

||M~;

14, 1L,
T Y VBV —E(? Y VBV

=7 VBV — Vip BVt — ZV’B Ve = Vo BuVar) (A4)
=1
T — — —
— ( T Y VBV — Z VBiVur)) + (VarBuVar — E(VirBuVar))
=1

1

? V’tB”V,,,) =0,(

HM’%

Using the previous results, we have — Z V!B,V

1
ik

Appendix B Derivatives of the likelihood function

Denote 8 = (v, 6%) where y = (8y,...,8,)". The concentrated likelihood func-
tion of (4) is

InLyr(6) = —%m(zn) _ %m(oz) FTIS, V)]~ 5 X V(W) V() (B1)

). For the second term, Var(— ZZ V. Bu€ns)
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n

(I —¥W) Y = Sp(y)¥ with ¥ =) §isis and s; is an n x 1 vec-
i=1

tor of zeros, except for one at the ith element. Define G,(y) =

WoSu(w) ™!

The first and second order derivatives with respect to 6 are:

where V,,(y) =

W, (I, —¥W,) ! =

dInL,(0)
a6
dInL,r(6)
dnLgze) | 0% ®.2)
0 : ‘
81nlwr(6)
96,
9InL,r(6)
do?
dInL,r(0 1 & _ ) ,
where T = 7,; V) sisiGn(W)Vu (W) — 675G, (y)s;) for i=1,...,n
dInL,r (0 1 )
and —————— = — m —nG .
862 2 4 t:zi ( )
d’InL,r(6) 9*InL,r(0) d’InL,r(8) 9*InL,r(0)
287 36,0, 08,06, 06,002
d’InL,r(8) 9*InL,r(0) d’InL,r(8) 9*InL,r(0)
08,06 2 08,06, 08,002
PmLro) | 0 > 200
0000’ . . . .
d’InL,r(8) 9*InL,r(6) d’InL,r(8) 9*InL,r(6) (B.3)
06,06 06,06, 067 068,002
d’InL,r(8) 9*InL,r(0) d’InL,r(8) 9*InL,r(0)
96296 96206, 96298, d(02)?
9%InL, . )
where TZ =5 ZV,,, ) 5i51Gn (W) Vot (W) — T (s'G o (w)s;)* for i =
d°InL,7(0) lenLnT(e) 1 &
l,....n, 96902~ 90205, ——g;V (W) 5i8iG (W) Vi (w) fori=1,.
d%*InL,7(0) , , o d?InL,7(8) nT
W = —T5:Gn(¥)sjs;Gn(W)s; for i # j, and o (- 75% +
1 & -
E Z Vnt(‘I/)ant(W))

t=1
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Hence, at 6y = (W, 03)’, we have

11 & N
2T Y (V5151 G (W0) Vo — 0381 G (W0)s1)
0 =1
11 & N
2T Y (V5255 G (Wo) Vi — 0355Gn(W0)s2)
1 dnLg(6) | B
vT 70 : 1 1 & |
gﬁ Z (V;;rsns:lGn(‘VO)an - G(%s;lGn(‘VO)Sn)
0 Py
1
26{)‘ f Z n%)

where G,(yo) = W(ly — ®oW,) ™' = W,Su(wo) " and Vyy = Vi — Vi with Vi =
1 T
p— Vl"
LV
1 dInL, 1 9lnL*
From (B.4), we have \/TanagT(BO) — \/Tanang(e())

— @7 where

™~

(V5151 G (W0) Vi — 6551 G (W) s1)

1~

(V5255 Gn(Wo) Vi — 64 53Gn (W0 52)

OQN‘ —_ QQN‘ —_
<-4
Il

.,
Il
-

1 dInL:(8o)

ﬁ 56 - : (B.5)

(Vr:zsnS;an(WO)Vm - 0-(%5,/1 Gn(‘lfo)sn)

OQN‘ —_
-
‘ I~

5l-
] M

Vm I’lO-O

and

Gigﬁvn/TSlS/l Gn(V0)Var
Gigﬁ Vr5255Gn(Wo) Var
Pur = : (B.6)
VT8 G W)V

%)
1 o
?ﬁv,grvﬂ
0
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1 9%InL};(60). . .
7 o600 )

And, its corresponding information matrix (Zg, ;7 = —E(

1 9*InL;7(60) 1 9*InL;7(60) 1 9*InL;7(60) 1 9*InL;7(60)

T 9§ ) BT 0508 ) E T a50s, ) E T 95007 )
1%Ly (60), . 10%InL;(60) gl *InLyr(60), ., 10%InL;(60)
T 3505 7 08} ) T 9505, (T 98007
Z gyt = z : ' : :
1 9%InL! (6 1 9%InL:, (6 1 9%InL:, (6 1 9%*InL:, (6
“EF ansnga(l ) - T ana,,ga(z ) “EF nag,,g( ) e T arisng;;(z()))
1 9% InL:r(6) 1 9*InL!;(6p) 1 9%*InL!;(6p) 1 9%InL:,(6p)
“E(F 06208, ) —EF 06208, ) o TEF 96298, T 9(0?)? )
(B.7)
1 9%InL},(6 : 1 9%InL} (6
where—E(?aigg(o)):s;Gn(lllo)Gn(lllo)’si—i—(ngn(l//())si)zforzz1,...,n, _E(Ta&sg(z())):
1 d°InL,(6p) 1 . 1 9°InL*,(6p)
— <?Tg§i):;gs;(;"(wo)sif0”:1""’”’_E(?Tg@):s§G"(w0)st;G"(wo>si
o 1 9%InL},(6p) n
fOr L #], and _E(?TnZ)Z) = ﬁ
1 dInL’,(6
For the variance of —w, we have the following equation:
VT d0
1 dInL - (6y) 1 JInL’ (6
E(—="" nr(8) 1 JInLyy( 0)):Zeo,nT+Qeo,nT (B.8)

JT 96 JT 00

. 1
661 dlag(Gz,ll(wo)a"'7G;21,nn<w0)) 7(Gn711<w0)7'--aGn,nn(WO))/

4*3 202
where Qg7 == (ot (W) (W) .
26& n,11(Y0), -+, Gnnn (WO 463

with py = E(&‘;) and Gy;i(yo) is the (i,i)th entry of G, ().

When V,, are normally distributed, Qg n7 = 0(11-1)x (n+1) sinCE Lg — 304 =0. Us-
1 9%InL},(6) 1 dInLi;(6p) 1 IdInLi,(6)
T 00006 VT 060 JT 060
1 azlnL;T(e())
T 0606

ing E( )+E( ) =0 at 6y for normally

distributed errors, we have —E( ) = Zgyn7-

Appendix C Proofs
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1 Proof of Proposition 1

N _ . 1 &
From V,; =V,; — V,r where V,7 = T Z Vo and Vi = (€14,..., &), the restricted
=1

QML estimator can be rewritten as

1 &, o
—TZV Vs V! Vi — EVn’TVnT
=l - (C.1)

under Hy. Note that &2 and & are i.i.d. across =1,...,T with E(&?) = o4, E(&;) =0,
and E|g;[*" < oo for some N > 0 under Assumption 2. By Kolmogorov’s Strong

O,
-0 Py

LLN, we have 6% %3 3. Hence, by Slutsky’s theorem, 52

2 Proof of Proposition 1

Under Assumptions 1 and 2, V,,s;s;W,,V,,; are i.i.d. across t with E(V,,s;siW,V,,,) =
0, E(Vyyy8isiWa Vi )* = 03 siWaWissi < o0 and E (Vy,sisiW Vi ) (Vi 8T W Vi) = 04 51Wos i W
< oo, By the multivariate central limit theorem (Lindeberg-Levy CLT), we obtain
1 dInL;,(0,...,0 0'0)
that — N(0,%, ). Since (9) and (10) establish the asymp-
VT y
1 1 dInLi;(0,...,0,03)
totic equivalence between — 6%) and — 0

1 - o o
6?) has the same limiting distribution.

ﬁgnT(

, it follows that

3 Proof of Proposition 3

Denote Z’ ' as the (i, j)th entry of Lgn forall i, j. For any nonzero vector c,

Tgnc= Z Z szl’f Z CZZ’ Pt Z Z C,E”f;,c]
i=1j= i=1 j£i
n

n n
C; Zw,-zj—I—ZZ Z CiwijoiCj

1 j=1 i=1 j=i+1

(C.2)

[v]=
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By Assumptions 1 and 3(1), we have

n

n
c'ZgJ,c Zc Zw,j+2z Z c,w,,w],c]>2c Zw,]wﬂ—f—ZZ Z CiW;jWjiCj

i=1 j=i+1 i=1j=i+1

2
lw,jwﬂ—l—ZZ Z CiW;jWjiCj
i=1j=i+1
(C.3)

|
s T
M= *\}[\’F

Il
™=

WijWji cl+c]) >0

Il
—_
\.

which shows that g, is positive definite.

Under Assumptions 1 and 3(2), £, is symmetric and diagonally dominant with
strictly positive entries. By Lemma 7.1 in Hillar et al. (2012), such matrices have
strictly positive eigenvalues. Hence, the minimum eigenvalue of £, , is positive, and

L. 1s positive definite.

4 Proof of Theorem 1

Since X, is symmetrlc positive definite, there eX1sts an invertible matrix Zg n
such that £, , = Zg2 ,,Zgn It follows that I 1 =X, ,%Zg 2. Then, the quadratic form

can be written as

1 ~2\ry—1 ) 1 vy re—y | <2

—g,7(6°)E. 9,7(67) = —=g,7(6°) X0 7 X0 2 —=gn7 (6

TgT( ) L n8nr(67) \/TgT( ) Ee i 7nﬁgT( ) -

_1 1 1]
Yer —=8n1(6%)) (gt —=8nr (67
(gt \/Tg"T( ) (g Nk r(67))
1] 1
By Proposition 2, Z73;7fgnT(62)f@ZV«LLJ,and}KnmeAfgnT(62YZ§}gnT(62)fg

%2 under Hy.

5 Proof of Lemma 1

Consider (i, j)th entry of the difference as

|l321nLnT(A],...,An,G§) B (1821nL:T(O,...,0,002))|
T 9808, T 96506,

(C.5)
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By the triangle inequality, we have

1 9*InLyr(Ay,...,Ay,00) 1 9*InL;7(0,...,0,02)

7 98,05; “EG 28,95; )
| 1 9*InL,7(0,...,0,02) (1 a2lnL;T(o,...,o,ag))| ‘1 d*InL,r(Ay,...,Ay,08) 1 9%InL,(0,...,0,08
-7 965:95; T 9898, 9898, T 0808
|1821nL,,T(0,...,0,602) B (laZmL;T(o,...,o,cg))H up ||l83lnL,,T(61,... 55,0006%'.”5_0 N
-7 96595; T 9898, yeor T 9598,y "

where A= (A1,...,A) £ 0, as T — oo,

1 0?InL,7(0,...,0,0%) B (l d*InL;;(0,...,0,03)
d6;99; T d0;09;

—siWnsjstnsi +siWnsjstns,~ =0, derived from (B.8) and (B.7) with w = (0,...,0)".

For i = j, we consider the following equation:

For i # j, the first term vanishes because \

1 9%InL,7(0,...,0,07) 1 9*InLi1(0,...,0,02)

T 98? ~E 057 )

114
:_GT%?;;V W sis W, Vg + siW,W)s; (C.7)
= _(ii if/ W,sisiW Vir — (il i Vi WonsisiWa Vi) + ls’-W,,W'sl

Gg T =~ Gg T = nt "'nP1oq T i n

which is O, ( ) by Lemmas A.2 and A.3.

1O InLr(8:,....8,,3),
T 96:08,08,

For the second term, it suffices to show that sup |
yeonA
oo. The third order derivative evaluated at o7 is

19°InLyr (81, . 6,,,0'0)
T 06;06;09

—SiWo (I —PW,) sy siWo (1 — BWo) ™8, W (1, — PW,) ™!

— SiWa (L — W) s i Wi (B, — P W) ™ sy W (1, —(@8) ™!

where ¥ = diag(y) with w = (§y,...,6,)". Note that Assumption 4 ensures that (I, —

WW,) ! exists for all y € @, and ® is bounded in a small neighborhood of zero.
1 8 lnLnT(51, 5,1, Gg)

ince sjW, (I, — ¥ he (i, j)th EW (1, —¥W,) ™", T -
Since s;W, (I, —¥W,) " 's; is the (i, j)th entry of W, ( W)™ ;;'SA'T a5,-asja5, |

O(1) forall i, j, 1.
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6 Proof of Theorem 2

1
From the previous results, we have ﬁgﬂ(&z) N(7,Z,,) under H 7, where

1 1
—g.(6?) 4 N(Xg 7,1,). Then, the quadratic form

VT

_1
T = Lg,A. It follows that £, 7

can be written as

1 e . 11 -
7807 (67 Zgngnr (6%) = (e et (6%))' (Bei

(C.9)

Hence, under H; 7, the LM test follows a noncentral chi-square distribution with n
’ 1

1 1
degrees of freedom and noncentrality parameter (t = /%, 2%, 27 = A'S, ,A.

7 Proof of Proposition 4

(C.1) can be rewritten as

52 1 I 1 T 5 1 1 X 5
72 :7228”_7,2(?28”)
=1 iz L (C.10)
1 & T ) 1 n T 5 2 &N T t—1 '
:,TTZZ%ﬁnTzZZ%*FZ];ZI&%
= i=lt=1s=

I
=
I

By Assumption 2, &7 are i.i.d. across i and ¢ with E(&7) = 6§ and E|g;|*"" < oo for

some 1 > 0 Kolmogorov’s Strong LLN applies to the first and second terms, hence

we hdve — Z Z g % of dnd e Z Z g = 0,(1). For the last term, &g; is

zlt i=1t=1
n T t—1

uncorrelated over i and ¢, so Var ) Z Z Z €ir€is) = a7

i=1t=1s= i=1t=1s=1

[

1 3 op
0(7) By Chebyshev’s inequality, it is also 0,(1). Hence, &* 2, 62 and 6—% %1
n
o} 1, , .
We next rewrlte?—l—?(co—c ) as
R DML IS W ICEETS W HEEFLS %)
— 1= == —== o) — —F= &+ — ;T engzs
62 62T 55 nT 55" T E5 K nth Ti=1s=1
TS N
=\ (60—8';)4‘77 5‘1@-‘1} )
62 oy nT /5 YT 52 th 11=15=1
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1 n T 1 & T 1 n T 1 & T
Note that Var( (o —€2))=— Var(g?), Var( &)= — Var(g?)
Vi B 0 ) = L L Vet Verl G L ) = L Vet
1 n T t—1 1 n T t—1
and Var( Z Z €1 Eis) = 5 Z Z Var(g;€;) are O(1), so each summand
vinT 555 n ) i=11=15=1 )
1 (o] (o] 1
is 0,(——). Hence, along with —2 LR 1, we have =2 —1=0 .
P(\/ﬁ) g 52 52 P(\/}ﬁ)
8 Proof of Proposition 5
. |
First, note that ug , = E(Qur) = NeTH Z ziar — E(z, nT))) = 0. Next, con-
ni—1
sider the variance:
1
X0, = Var(Qur) = fVar Zzl nT) = P ZVar ZinT +ZZ Z Cov(Zint,2jn1))

i=1 j=i+1

ZVar ZinT) +’11i i Cov(zint, 3G R)
i=1 i+1

i=1j=

For the first term in (C.12), using (I£.6), we have

1 & 1 1 — 30, n- W4 3 _~4 1
ZVar ZinT) = — — Ha(Ha 0)221—1 i (U4 460>7)
= G T () % (C.13)
:1+l(liL“4(“4_3"3)):7=1W?j 3(#4—66‘)) '
T'n 208 (X wi)? 20,

N

! . 1 & 1
Since le?j < (Z{lwlzj)2 for all i and n, we have 7 Z{Var(z,-ﬁT) =1+ 0(?)
J= J= i=
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For the second term in (C.12), using (E.11), we have

I¢ v
;Z Z COV(Zi,nT7Zj,nT)

i=1 j=i+1
LIl E (H4) 2u460+(60)2 W%]Wi
_T[nlgij;rl o} (T wi) (T w2)
+EZ Zn: (#4 _463 nW%i > s _466l nng > 221 2‘ Wilel)22 )
i1 j=it1 (en) i=1Wji (o =1 Wi ( W (zﬂ:lW(’é.M)
Af § e s )
nS o (S I o ()T )
+1i i (2(“2)2 WJ'I'(ZIZ:IWilel)2 +2(M3)2 wij (X wiwin) )}
niZ1j=iv1 9 ( ?:1W,~j)( l’-’:lwﬁ) Gg ( ?:IW,Z]')( ?zlwii)

2(X7 waw i)

Among the covariance terms in (C.14), the component involving — 5 5
( j=1 le ( 1 th)

is structurally dominant, because its numerator involves the full inner product ( Z wiw jl)z,
=1
whereas the other terms either involve no such inner-product summation or include

additional powers of individual weights, which reduce their overall magnitude. Thus,

we only consider

i (X7 waw ) ”
2 2
j:i+1( l}=1wij)( 1W,, j= z+11 1\/2 1W,, \/Zl 1w
(C.15)
il il 2
\/ 7 lwz] j= hL] \/ l IW
5wl

Since Z = O(+/h,) for all i by Assumptions 5 and 6, the entire term in

= n 2
=/ Lj=1Wij

1 & n h2
(C.15) is O(hﬁ) uniformly in i. Therefore, — Z Z Cov(zint,Zjnr) = O(7), and
s =1 r
hZ
we conclude that Xy, . =1+ 0(—")



BOK Working Paper No. 2026-8

9 Proof of Lemma 2

We first establish that Z; ,7 is uniformly L, bounded for p=4+n, i.e., sup sup ||Z; u7|[4+7n <
n ieDy

W,‘j

n 2 '
\ =1 Vi

Consider the sum over 7 as a zero-mean martingale difference sequence with respect

1 1
oo, which is equivalent to sup sup ||—2 — Z & Z wfjej, ||44n < oo where w?‘j =
n ie€eDy \/> i

to the time index. Applying Burkholder inequality implies that

n

T
n
E|Zl nT|4+n — E| Z \f&t Z leé‘jt|4+n < C E Z 74* Sit Z W:F]{:‘jt)2|2+ 2
=199 =1
(C.16)

1

where C; = (18pql/2)p with p~'+¢~ ! = 1. By the triangle inequality, we obtain

T
4 0\ 1/(4+
Guaren = (Elgar[* Y < 6/ (] 1 4T<8nZw,,eﬂ PPy e

1 T n 12
—4—2 i) /
i Tt: =1 (C.17)

n

2 1/2
< AT Z &r ) Wi€it) ||2+g) /
oy I' /= =1

p—

where C; :CZ/(4+17) Thus, it suffices to show E|(&; Z wi €jt) |2+2 =E|g; Z w; 8ﬂ|4+” <
j=1 Jj=1
oo for all i, r and n. Under Assumptions 1 and 2, the independence of g; across i

yields

n
Ele; ZW?ijt|4+n Eleq ZW11811|4+'7 = E|ey|**" x E| ZW £ (C.18)
j=1 J# J#
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Consider Zw :€j: as a zero-mean martingale in j. Then, by the Burkholder and
J#

triangular inequalities, we have

n n
n
E|Y wigp[" < GE|Y (whieq) T2

Ji J#
* 2+7
<G IIZw,f €illarg) (C.19)
J#
= % 2+ﬂ
<supCo (L willegllhig)™ * <o
Jit J#

n
since supE|8,,|4+” < oo and Zw Z w:-‘jz =1 for all i and n by Assumptions 1
J# j=1
and 2. Thus, sup sup ||Zinr||44n < oo.

n i€eDy

1 . & _
We next show that 7 ,7 is uniformly L, bounded. Note that 7; ,7 = —T&r Z w}kj&‘ T
0 j=

where &1 = Z €y Consider VT &7 = Z 8,, Then, Burkholder inequality im-

plies
E|\FZ£,,|4”’ =E| Zigl,wn <C2E|Z )22+ (C.20)

By the triangle inequality and Assumption 2, we have

JERR 1/(2+%>)1/2

N \

T
EIfZE [y /) <C 4+n)( Z
=1

1/2 1/2
=ai(IX o) < supci (el q) 20

~

which implies that |[VT&r|[41n < o or E|VTE&7|*" < oo for all i and n. By inde-

pendence across i and the fact that w; = 0 for all i,

1 _
Bl T Z wiE | = E\ fs,ﬂ“*" X E| Zw NTEp[* (C.22)
0 Jj=1 J#i
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For the second factor, treat the sum over J as a martingale. By the same argument as
above, using sz =1, we have E| Zw \FEJT|4“7 < oo. Thus, sup sup ||7i 7|49 <
J#i JAi n ieD,

oo,
10 Proof of Proposition 6

T n
We first analyze ||Z; nr — E (Zi n1|Zinr (5))||2 where Zi iy = — Z Z W;kj&'jt.

t 1
Then, conditioning on .%; ,r(s) and separating 1(p (i, j) < s) and ( (i,)) > s) yields

1 T n 1 1 T n
ZznT_E(ZtnTLftnT(s)) 7272 ZW;‘]‘SJZ E(??ZSZ[ZWUSJAJIVLT(S))
% =1 j=1 0 =1 j=
1 1 T n 1 1 T n
- *1 [ — *1 <
Ggﬁ;&,;w” (p(i J)>S)8ﬁ+og Tt;&‘,,j;wu (p(i,j) <s)eir
1 1 T n 1 T n
—E(——= — 1 <
(o3 v L& L Wit o) > s)ea G 7 b e J wigh (010 7) < 5)esl Fior )
1 1 T n 1 T n
=—5—=) & ) wjl >5)€i+—5—=) € 1 <s)g; (C.23)
O‘gﬁ; l]; (p(l ]) S) Jt gﬁ; llj;wzl (p(l .]) S) Jt
1 11 & &,
;ngSZIE(ZW’Jl( l])>S)£j[) ?37££ltjgwljl(p(l j)<s)8ﬂ

11 Lo, .
:;gﬁggitgwijl(p(la])>s)8jt

Independence of g; across i and ¢ with E(g7) = o for all i and 7 implies

T n
E|Zinr — EGir| Finr (5)))* = *0* (Z Z 1(p(i, )) >S)8Jf)2
=1 j=1
_; Xn:wul( p (i, j) >s)£j,)2
0 J#i
1 n Z1(p (i, §C>2;§)
:gE(Sl%)ZWTJZI(p(l,])>S) (jt)_ J 2
0 j=1 j:IWij

Therefore, for ||Z;u7 — E(Zi 7| Zin1(5))||2, We can take d;, = 1 for all i and n, and

" .2.1 i,j)>s
¥(s) = sup sup =1 " " (p 5 )>3) which goes to zero as s — oo.
n ieDy, 1W
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1
We next consider ||7; 7 — E(Fiur|-Finr(s))||2 where 7,7 = —T&r Zw:-‘jéjT
0 j=1

1 L 1
with &7 = T Z €. Using E( 8,T = T— Z 6,, = ?(73, similar calculations gives

=1
the same bound:

- N 1, & _ 1, & _
Fint — E(Finr | Fint (5)) = S LT Y wiEir— E(?T&'T Y wiiEir| Finr(s))
o o =

1 - &, . _ ) . _
= gT&',‘T Z Wijl(p(l,]) > S)Sjr + gT&',‘T Z Wijl(p(l,]) < S)Ejr
0 j=1 0 j=1
! N I " (C.25)
—E(Tar Y will(p(ij) > )&+ —Ter Y wiil(p(i.j) < 5)&r|Fiar (s))
0 =1 0 =

—2 & Zwul p(i, ) >s)817
tohs =

and

_ ~ | . . _ 2
E|Fipr — E(Fipr| Finr (5))* = E(gTSiT Y wid(p(i.j) > 5)&r)

0 j=1
1
= —4T E(S,T . Zw p(i, )) >s)€,r)2
g 7 G20
1 . Y w-z-l((p('j >s
:—4T2E(81T szl p(i,j) > s)E(&r == ! 5 )
60 ] lwz]

Therefore, for ||7i yr — E(Finr |- Finr (5))||2, we can take d:m =1 for all i and n, and

nowrl(p(i,j) > s .
¥(s) = sup sup i=1 ” (o 5 )>3) which goes to zero as s — oo. Since sup sup d; , =
n i€D, j 1 Wi ij n (€D,
1 <o, Z={%y1,i € Dy,n > 1} and R = {Fiur,i € Dy,n > 1} are uniformly L,-NED

on &.

11 Proof of Proposition 7

The NED property is kept under summation, product and Lipschitz transfor-
mations; see Xu and Lee (2015). Using the results of Lemma 2 and Proposition 6
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with Lemma A.2 in Xu and Lee (2015), we have

zint = E (it | Fint (9))|l2 = [|Ginr)* = E(Zinr)*| Fir ()] |2
S di,nY(s)

(C.27)

where y(s) = 7(s) 9 for some 1 > 0and sup sup d; , < e. Thus, for ||zi y7 — E (zin7 | Finr (5)) ]2,
n ieD,

Yiow; l(p( >>S) T n 1
we take y(s) = sgpiselgi( 7 1w2 ) where 0 < 8 dn = < Because

Zinr and 7,7 have the same NED coefﬁcient and scaling factor, the same argu-
ments can be applied to ri,r = (7,~7,,T)2 and Zj o7 7. Hence, the same rate ap-

plies o ripr = (71'7,,T)2 and Zi,nTii,nT- Since sup sup d,'ﬁ < oo, /= {Zi,nT,l. eD,,n> 1},
n i€Dy
R ={riur,i € Dy,n> 1} and K = {Z; y7Fin7,i € Dy,n > 1} are uniformly L,-NED

oné&.

12 Proof of Proposition 8

By Proposition 7, Z = {zj yr.,i € D,,,n > 1} is uniformly L,-NED on & with
(Z] Wi l(p( )>S)

2
ij

¥(s) = sup sup >8+4n Following Jenish and Prucha (2012),

n i€Dy, ] Wi
n n
the sufficient conditions for GénT Z (zinr —E(ZinT)) 4, N(0,1) where O'énT =Var( Z (zipr —
i=1 i=1
E(zi’nT))) in the case of |D,| =n and sup sup d; , < oo are:
n ieD,

(i) zjur are uniformly L,-bounded for p >2+ 6 for some § >0
1
(ii) 11m1nf|D |~ lch , fGQnT >0
_ w1 (p(i,f) > 8)\ o o
(iii) y(s) = sup sup ( j=1 Un(p( 21) ) ) S satisfies ) 597 1y(s) < oo for some

n €Dy =1 Wi s=1

n>0.

First, condition (i) is satisfied by Lemma 2. Next Condition (ii) is shown in

Proposition 5 since Xg,, = Var(—= ZZ! nT) GQnT =14+0( ") Hence, it re-



BOK Working Paper No. 2026-8

mains to check Z 597 1y(s) < oo. Consider Z s47y(s) as

s=1 s=1

o ) now?l i j) > n_
Y s y(s) = supsup ¥ 57! (Zf—‘w”n'(p (’_27 ) S))g*“” (C.28)
s=1 n i€Dyg—1] j=1 WIJ

Under Assumption 11(1), w;; can be non-zero only if p(i, j) < po. Since w,-zjl (p(i, j)>
s) =0 for any s > [po] + 1, we have

> "owrl(p(i, j) > 8)\ ek [Po] "owrl(p(i,j) > 8)\ ek
sup sup Z gd-1 (ijl z]n(p( 2]) )) s _ sup sup Z (-1 ( j=1 z]n(p( 2]) )) 8T 47
n i€Dy g—] j=1W[j n €Dy g—1 j=1Wij
< oo (C.29)

since the term becomes a sum of finite and bounded series under Assumption 11(1).
2

we, _ _
Alternatively, under Assumption 11(2), we have niljz < Co/p(i,j)* where
j=1"ij
& =20 and Cy = C}. By Lemma A.1 in Jenish and Prucha (2009), |{m: x < p(i, j) <
x+1} < Cx?~! for some constant C > 0 when x > 1. Then, we have

- w21 (pli,j El - - .
supsup Y 57! (ijl wy; (P(lz,J) > 5) ) T _ cup sup st—l< Yy C‘op(l}j)*a) ST

n

n €Dy g—| j=1Wij n i€Dyg—] x=[s]x<p(i,j)<x+1

< st—l( Z 16, —a) 8+n
s=1 x=[s]
o oo o

< ¥ ol 1 e+ 1)/27%)
s=1 x=1s]

< isdfl (CC~‘020~‘ /wu7d+d71du> s (C.30)
s=1 x

_ isdfl(céoza(a d)~1s a) &ram
s=1

= isd 1+(‘§1ff,, (CC~‘0205(567d)71) e

o
Il
-

P N d-14@@n
< eo. Thus, the infinite series st s converges

s=1

% A s
where (CCOZO‘(OZ—d)*l) o
(d—a)n

S +an < —1. Hence, we have st_ly(s) < o0 50 long as & >

s=1

only if d —1+
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d-(5+8n7"), which implies that & > d - (2.54+41~!) because & = 2a.

Finally, Assumption 13 implies /4, = o(nl/ 2y and with ; — k where 0 < k < oo,
h, h;
we have ?" =o(1); hence Xy, =1+ 0(7") goes to one. Therefore, by the CLT

for L,-NED arrays in Jenish and Prucha (2012) and Slutsky’s theorem, Q,r =
] n
75z L (Ginr —EGiar)) 4 N0, 1).
i=1

13 Proof of Proposition 9

First, the LLN does not require any restrictions on the NED coefficient; see
Jenish and Prucha (2012). By Proposition 7, R = {ri,r,i € Dy,n > 1} is uniformly

Yoo wil(p(i,j) >s)

o
L,-NED on & with y(s) = sup sup ( )8“". Following Jenish
n ieD,

1 n

and Prucha (2012), the suflicient condition for P,; = — Z (riJ,T — E(ri‘nr)) 2 0in
n A\ :

the case of |D,| =n and sup sup d; , < oo is:

n ieb,

(i) riyr are uniformly L,-bounded for p > 1+ 6 for some & > 0. Condition (i) is

n

1
satisfied by Lemma 2. Hence, we have P,; = — Z (riynT — E(rmT)) 20.
i3 '

Similarly, by Proposition 7, Z; ,7 7 »r is uniformly Ly-NED on & with the same
7(s) and uniformly bounded d; ,,. Following Jenish and Prucha (2012), the sufficient

condition for in the case of |D,| =n and sup sup d; , < oo is:
n ieD,
() Zi w7 7inr are uniformly L,-bounded for p > 148 for some § > 0.

Thus, it remains to show a uniform L,-bound with p > 14 8. By Holder inequality
when p=2and ¢ =2,

E|Zinr ) 3 (Four) 3| < (EZinr |2 - (E[Fipr |2 < oo (C.31)

since sup sup ||Zi a7 |4+n < oo and sup sup ||7; 47|44y < e by Lemma 2. Hence, Con-
n i€D, n ieD,
1 & p
dition (i) is satisfied, and we have U,7 = — Z (Zi.an’i,nT —E(ZiAan’i.nT)) — 0.
py , AT,
i=1
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14 Proof of Theorem 3

Under Hy and Assumption 9, § = 8" takes the following form:

(o7
where 6— = 1 by Proposition 4. Proposition 8 is applied to QnT Also, the second

and third terms converge to zero by Proposition 9 as long as — T " s k < 0. The fourth

n n
term goes (o zero when T — k < oo since % — 0. For the last term,

2 2

n 2 0 2
: Vet ok (527~ Q@%“l)-é((j‘;) —238 420k 1—1-1)
_Vn o5 op Vi, o2
—ﬁ((§)22§+1)+\[(20(03)2)
R <
:ﬁ(?_l) +@(7 1)

1
By Proposition 4, it is O,(—=). Therefore, we conclude that §" 4 N(0,1) under

VT

%—)kwhereOSk<00.

15 Proof of Proposition 10

Since p(By) < ||Bu|| < 1 by Assumption 8, we have ||B||.. < |[|B,||¥, and the
Neumann series Z Bf converges. Moreover, by submultiplicativity, ||BI;Z? e <
k=0

[1B,|I571 B, ZD “|. Hence, for any k > 1,

1 _ 1 ~
o (@ B e (6] < B | o (67 B2, ur(67)

(C.33)
Summing over k yields ) 1BA]|57 < (1= ||Bu]lee) ™! = O(1). Therefore, it suffices
k=1
11
to show ——g,,r(&z)'ang,;lgnT(&z) 2 0.

VanT
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11
Consid — B, ZD 1
onsider ngnT( &%) ” 'gu7(67) where

0 * * %
$HWas18i W2 0 . .
SHW,W)s28y W, Wisy o
D1 S5 W15\ Wos3 SEWs055 W3 0 .
B Zgn = 7| SWWisss\WaWis1 SSWWs3sh W, W)
S Was1s| Wos), S Wys255Wiys, 8, Ws355Wos, 0
S W Wis, s\ WaWhs1 W WsushWuWoisy s, W, Wis,s5W,Wis3
=2
gnr,i(67) o2 1
Using ﬁ/i = f; (Zinr — —=Tinr) and the symmetry and zero diagonal of
sSiW,W)s; G VT
D—1
B.Xg .,
52 1 )
! ig 7(82)B,EL g (82 Z fg"T' ) & S Wos 8", Wasi J78nr.j(67)
n gn 8n -
2n T 211 \/SWW’SZ = /SWW'S,\/SWW’SJ \/SWW/SJ
o2
—*L 70 ZtnTZ SWSJSWSl Zjnr
=)
\f c 1:1 Hém/sWW’s,,/s W W)s;
2 o2 s W,,sjs W,si ]
+ Tg T Z znTZ Z] nT (C.34)
2 0 I’l ]#ZQ/SWWISM/SWWIS/
_7(70)2\f12 Ti,’ sWsjsWs,
~2 ln
V26t T Héu/sWW’s,,/sWW’s,
ol p
where Tg — 1. We first consider the first term in (C.34). Then,
(o)
1 & n S; W, nS S "W,,si
7 Y Zin Z Zjar]
i=1 \/sWW’sM/sWWsJ .55
1 n |5;Wos 5" Wisil 7 '
< — maxZ X Z |Zz nTZ],nT| ( )

vn iZi /S ’WW’s,,/sWWsj i=1 h;

1 n n
which implies that % ;Z,-,,T Zan,,- iZjarT = 0p(1) by Assumption 15. Same argu-

J#

ments can be applied to two remaining terms in (C.34).
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16 Proof of Corollary 1

Under Hy, S takes the following form:

1 — _ ~
S= 7( gnr (& )ZD 1gnT _”) Z )/Bl:lzgnlgﬂ(cz)
V2 =1
21)
1,1 ~ ~ d
By Theorem 3, the first term, m(TgnT(GQ)/ZgnlfnT(TZ) —n) = N(0,1). By
Proposition 10, the second term is 0,,(1). Hence, S = T (?gnT(GZ) Z;,lzgnT(Gz) -

n) i>N(0,1) under % — k where 0 <k < oo,

17 Proof of Theorem 4

First, under H ,7, the restricted QML estimator can be expressed as

1 & 8
62 = o Y Vo (5 = W) T (1, — W) TV,
=1
_ 1 d 7/ - 1 AD k 1 AD
_ﬁ; nt +Z(n1/4T1/2 W)Y’ +Z( nl/AT1/2 W) Vi
. - (C.36)
1 1 1 Dy Dy \ 17
1 i _,
e — V nt+0p(1)
nT =
since (I, —H1w,)~! = n—i—z l/4T1/2ADW,1)k<c><=forlz:1rge enough n by Assump-

tion 4 and |— ZV’ (APw, )k (ADWn)kVn,| = 0,(1) by Lemma 9 used in Yu et al.

(2008) for any integer k > 0. Since ’th 2, o by Proposition 4, we similarly

HM~1

1
T
o2
have 62 2 O'O and 52 2 1 under H; nT-
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We now need to derive the limit of the term ®,7 as

1 (257 X1 Vi WaALsisiWoa V)2 4 (35 7 1 VrpsisiWa AP W, V)2

D, =
Sy SWaW/si
_(Gg)zli(c’lg LY VL WIALsisiW, Vi )2 ( LYV sisiW, AP,V )
- 52 n = /WnW’s,
: VWAL 55 W, Vi )? j (V! 5i8 "W, APW, V)

~@pl Lyt L LYy
62’ ot nT? ! SiW,Ws; 62 oy nT? ségf%si

i=1t=

—_

o S 7 2 1 iz i (V! WAL 5:5 Wy Vi ) (VLW AP 515/ W, Vi)
o nT? ! SIWW/s;

(V/ SIS;WHADWan)(V,:SS,‘S;WHADW,IV"S)
SIW, W /s

G
where =2 2 1 under Hiy .
G2

For the first term in (C.87), we have

iiii V/lW;;ADSisfannt)z < lilz’llli (Vr:tW;;ADSi#Wan)ﬂ
o nT? 5 /2 SiWaWisi “Toin&E'THA STW,Ws;
11 1 & (VWAL sisiW, Vi )?
Ssqp?g|?z s.WWsn : |
t 0 =1 i"rntnpsi (C.88)
1
:Op(?)
V! W/APs:s'W, V. .)? V! WAL g5 W V. )2
because( mon sls’, Vo) isi.i.dovert:1,...,TwithE(|( Mo $iSiWaVi) =
s WaWasi SiW,Wisi
V! W/APs;siW, Vi )2 APE(siW, Ve )* )
(< s S,S,/ V) )= ,(S’ n, ) < o for all i and n by Assumptions 2 and

6, which implies that Kolmogorov’s LLN holds. Similar arguments can be applied
to the second term in (C.37). Thus, the first two terms in (C.87) go to zero in prob-

ability.
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For the third term in (C.37), we have
il (Vo WAL 5:5'W,, Vot ) (VI WAL 551 W, Vi)
SiWaWysi
(VL WIAPsis'W, Vi) (VWAL 55 W, V)
—1 Z SiWaW,si (C.39)
1 LS (V) W’ADs,-s;W,,V,,,)(V,;SW,;ADs,-s;W”Vm))

2
—F t''n
i bk s
+1(T—1)i( W,,WnADsl-)z_l T—l Z (s'W, W/ APs;)?
n T i—1 S;WnWési n T3 -1 S;WnW,;Si

1 & (siW, Wi APs;)?
(W, A7s1)° = O(1) by Assumption 6 and

here —
where — ,; SWaWTs,
2 1 Z ZT‘. til (V! W AP ;W Vo) (V! WAL 5:51 W, T
o nT? * W W's:
0 i=1t=1s=1 i"Yn¥psi
_ E(i L i i t_Z] (V’;IWY:ADsis;W"V"f)(Vr:sWr:ADsis;WnVns) )
oy nT? SIW,W/s;
0 i=1t=1s=1 n¥psi
< 31 i i i v (V W S S W Vnt)<VésWriADsis;WnVns)
B Gg Uy T? t=1s=1 stnW,iSi (C.40)
—E(L i = (V! WIAPs;s'W, Vm)(V,;SW,;ADs,-ngnVnS))‘ )
T2 t=1s=1 S'WnW/Si
T —1 - ~
< sup 34 % Y ( % fZ (V, WIAPs;siW, II/W)S//,;SW,{ADS,S;WHVM)
i O =1 s=1 S;Wn W, Si
1 (VWAL sist W Vi) (Vi WAL sist W Vi)
_E(T IW W's: ))|_0P(1)
s=1 ,‘ n¥¥poi

1 (Vi WAL sistWo Vi) (Vi Wi AP sistW,V
( Ll ) Vi Wy A5 Wa Vi) is an uncorrelated sequence over

b _
ecause - E AT
t =1,...,T with the finite mean and variance by Assumptions 2 and 6. Hence, the
12 {leAD,2 AZ WW 1 A2 W22
third term goes to lim — Z M = lim Z LIS) = lim — Z (712)
n—eo = S,Wan i n—eo n = J=1Wij

n—eon = STW,Wys;
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For the fourth term in (C.37), we have

B Z y i (V) 5i8" Wy APW, Vi ) (V) 515 W APW, V)
2. anW,fS,'

Y (V! sis Wy APW, Vi ) (V5151 Wy APW, Vi)

] SiW, Wi

L (VL sist Wy APW, Vi ) (V) s8I W APW, V)

SIW,Wisi

SiW, APW,s;)? 1 T— 1 Z (S'W,APW,5:)2
SiW,W/s; n siWaWsi

i=1

(C.41)
)

+
|

~

.M=

Similar arguments can be applied to the fourth term. Hence, the fourth term goes
L (siWalPWosi)? 1 (T Ajwijw;i)?
to lim = )" M =lim-) (X 1n 112 it . Therefore, using all the re-
n—eon = s;WyWys; n—eo n = —1 W}
1z AZ WZ 2+ YO Ajwiiwii 2
sults above, we have ® = lim — Z (Eormwy)” (K Awigw i) .
e n i 1w

Appendix D M test

1 The standard SAR panel data model

Consider the following spatial panel data model with a homogeneous spatial

coeflicient:
nt:AOWnYnt‘i'cnO"i‘Vnt, t=1,...,T D.1)

where Y, = (V17,...,yn) is an n x 1 vector of a dependent variable for all units in
period ¢, W, is an n X n spatial weights matrix, ¢,o is an n x 1 vector of individual
fixed effects, and V,; = (&1, ...,&y) is an n x 1 vector of disturbance terms3?.

Define S,(A) = I, — AW, for any A. At the true parameter, S, (1) = I, — AoW,,.
Then, presuming S, (A) is invertible, (D.1) can be rewritten as Y, = (I, — ZOW,,)*1 (eno+

Vnt) = Sn(l())il (CnO +Vnt)-

30) For the elements of V,;, we assume that &; is i.i.d. across i and ¢ with zero mean and variance 602.
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2 The concentrated likelihood function

Denote 6 = (A,6%) and = (,¢,,)’. At the true value, 8y = (A, 03)" and & =
(Ao, ¢lp)’. The likelihood function of (D.1) is

nT nT
1nLnT(97cn) :—7111(27[)—7111(6 )+T1n|S 2 A2 va

(D 2)
where Vi (§) = (L, — AW,) Yy — €4 = Su(A) Y — €. Thus, Vi = Vi (&p).

For analytical purposes, it is convenient to concentrate ¢, out in (D.2). We

- _ _ 1 & - _
define Y, =Y, —Y,rfort=1,...,T, where Y,7 = — Z Y. Similarly, V,, =V, — V1.

dInL,r (6 1 &
Using the first order condition that n+(,cn =5 Z ) from (D.2), the
concentrated likelihood function of (D.1) is -
nT nT 1

lnLnT(Q) = —

T
S In(2m) — S In(0%) + TnS,(4)| - 5 ; V(M) V() (D.3)

where Vi, (1) = (I, — AW,)) Yy = S, (A) Y.

Define G, (1) =W, (I, — ),W”)*1 = W,,S,,(l)f1 for any A. From (D.8), the first

derivative of the concentrated likelihood function with respect to A can be derived:

Y V(A1) Gu(A) Vi (A) — 62t (Gu(1))). (D.4)

.‘
Il
—_

3 M Test for large n and T asymptotics

To test spatial dependence, we formulate the null hypothesis as a restriction on
Ao in (D.1): Hy : Ag = 0. To analyze the asymptotic properties of the M test when

both n and T are large, we need the following standard assumptions:

Assumption D1. The spatial weights matriz W,, is time-invariant and its diagonal elements

satisfy wi; =0 fori=1,...,n

Assumption D2. The disturbances €;,i=1,...,nandt =1,...,T, are i.i.d. across i and

t with zero mean, finite variance Gg >0, and E |8it|4+” < oo for some 1 > 0.
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Assumption D3. W, is uniformly bounded in row and column sums in absolute value.
Assumption D4. n is a non-decreasing function of T and T goes to infinity.

Assumptions D1-D4 are the standard regularity conditions used in Yu et al.
(2008).

Consider the ﬁrst order derivative with respect to A in (D.4). Under Hy, V(1) =
(I, — OW,) Y,y =Y, and G,(1) = W, (I, — OW,,)_l = W,. Thus, the test statistic is based

on
J lnL,,T (0 G

T
BY) iz Z (T WX — G tr(Wy)). (D.5)

Let 62 be the restricted QML estimator under the restriction A = 0. Then,

6% = argm%xlan,T(Gz) where
(e}

‘ T T L
InLir(0%) = = 1n(27) — - 1n(0%) — == ¥ ¥ T (D.6)

2 2

B 1 &, .
Maximizing (D.6) with respect to 62, we obtaing? = — Z ' Ve

Proposition D.1. Under Hy and Assumptions D2 and D4,
2
(67
6> 2 6, and hence Tg 21
(o2

1 dInL,r(0,62)
vnT dA

From (D.5) evaluated at 6% under Hy (¥,; = V,;) and Assumption D1 (tr(W,) = 0),

we have

We investigate the asymptotic distribution of under H.

1 dInL,(0,6%) 1 1

T 1 T
/nT oA _52\/717121 nt "n g(ggﬁg it Wn nt)

(D.7)

2
(o 1
where 6—% 2 1 by Proposition D.1 and the second term is Op(ﬁ)‘(“). Thus, the

31)[ VLWVt 7E(\/> Vi WaVar) = O (%) and E(\/> Vi WaVar) = 3\/’%rr(wn) =0 by
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1 9InL, (0,62 L]
n nT( , O ) is the same as that of

VnT dA 62 \/nT

T
under Hy. Denote Q,r = Z V) Wy Vr. The mean and variance of Q,r are Uo,, =0
=1

and 6}, = Togtr(W,W, +W,).

T
limiting result of Y Vo WaViu
t=1

Theorem D.1. Under Hy and Assumptions D1-D4,
1 1 wT /v o
y = PR Wil N(O,1).
tr(W/W,, +W2) ’

Hence, in the standard model setting, the conclusions on whether a spatial de-
pendence exists or not when both n and T are large, can be drawn based on the
| 1L vT /W
52 ﬁ thl YnthYnt

value of the test statistic, M = .
(W W, +W2)

4 Power of the traditional M test under local alternatives

For the asymptotic local power of the M test when spatial lag coeflicients are
heterogeneous, we adopt the following local alternatives:

A:

Oy — i
Hl,nT . 610 n1/2T1/2

fori=1,...,n (D.8)

where A; are fixed constants, with A; # 0 for a non-zero fraction of units. Denote
. . 1
AP = diag(Ay,...,A,) and ph — diag(8i0,...,0u0) = YTV

the asymptotic analysis, we need that the matrix S, () remains invertible in a neigh-

AP. To proceed with

borhood of such local alternatives.

Assumption D5. Let S,(y) = I, — diag(y)W, where w = (81,...,68,)". Then, S,(y) is

invertible in a small neighborhood of zero.

Under H ,7, M can be written as

Lyl V! (L, —YIW,) "W, (I, — ¢ W,) "1V,

<

I
Q.\l)‘.—
g
)

(D.9)

L (Ww, +w2)

Lemma 9 used in Yu et al. (2008) and Assumption D1.
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_ - 1
where (I, - ¥hw,) ! =1, +;(WADW,Z)]‘ < oo for large enough T by As-
sumption D). Then, we can expand this as follows:

é ; ZtT:IVn/t(In"'Z?:l( 1/2T1/2ADW)) (In"'ZZO:I(WADWn)k)Vm

M= L
Lr (WIW, +W2)
S L VWV L LS U (APW YWV L L YT W (AP W)V
= + £ + +o,(1)
La(wiw, +w2) Lae(Ww, +w2) L (Wyw, +w2)
since |— ZV (APW,)F W, (APW,,)1V,y | is O,(V/nT) by Lemma 9 used in Yu et

al. (2008) for dny integer k,q > 0.
A
\/ (W)W, +W2)
The asymptotic power thus depends on the limit of the following expression:

We show that the first term

N(0,1) in Theorem D.1.

0 é % Zthl Vrit (ADWH)/WnVnt n é ,%T Zthl Vn/tW" (ADWn)Vnt
nT —

L (Ww, +W2) L (Wyw, +w2)
Denote ¢ = Tlim Ot -
—>00

Theorem D.2. Under Hy ;7 and Assumptions D1-D5,
1 1 T 1
L Ly P w7,

M= T 4 N9, 1),

Lir(WiW, +W2)

Theorem D.2 implies that the M test may lose power when A; takes different

signs across i, because in such cases the limiting non-centrality parameter

1 1
6 — lim S AT W T A wiw i
n—sco
VAT W+ LT B wwj
it lwijwiil

may become small due to cancellations. In particular, under sup T
i j=1Vij
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1 L AW g
o(— o ) where the rate sequence {A, } is divergent, ¢ reduces to ¢ = lgn — Z .
n e nig

Proof of Proposition D.1 The proof follows directly from Proposition 4.

1 dInL,r(0,62)
vnT ar

1
has the same asymptotic distribution as that of — ——=Q,7 under Hy where Q,,7 =

F

1 1 1
Z ‘W,V,;. Moreover, 4 e énT ftr(W W, + W, )>0by Assumption D3, and

Proof of Theorem D.1 By Proposition D.1 and using (D.7),

all conditions of Lemma 13 in Yu et al. (2008) are satisfied. Hence, Lemma 13

2
(CLT) applies to Q,7, and we have Onr 4, N(0,1). Since % = 1 (Proposition
QnT
1 !
YLV W,
D.1), Slutsky’s theorem yields < i \ﬁ - 4 N(0,1).
Elr(WéWn + an)

Proof of Theorem D.2 We need to derive the limit of ¢,7 where

o, _ 3t T VAW Wil g e KL VW (A Wa) Vo
T =
lmr(W/W +W2) Jr(W/W +W2)
(o-g Zf 1 (ADWn) WnVnt E 0.2 nT Zf 1 (ADWn) WnVnt
= "'72 —
° Le(ww, +w2) L (wiw, +w2)
L1yl 7 % L1yl 7 %
(G ViAW)V (e Vi Wa(A2Wo) Vo ) 0
52
o (W)W, +W2) L (W)W, +W2)
(9 o it Xiet Vi (APW,) WiV B ozt Xt Vi Wa(APW,) Vo
= 52
° L(wiw, +w2) ° L (Wiw, +w2)
For the first and second terms RN Y v (APW,)'W,V, —E(LL i V! (APW,) W, Vi)
) Gg nT = nt n nvnt Gg nT = nt nt
li W (APW,) Ty — E(— Y 01 W, (APW,) Vo) are Op(——) by L
—— —— are emma
T L 602 nT Pt nt''n n)vnt )4 \/}'ﬁ y
39 L 1/ wii K wiwii
)7ZA Zw,]Jr ZA ZWUW!I_ ZA ZW,J (1+—=—=—— )andthefactorwtends
= J 1 lj J=1"ij

to zero unlformly ini, mdklng the sccond tcrm asymptotically negligible.
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2
9 used in Yu et al. (2008). Also, 62 2, 1 under H, 7 shown in Theorem 4. For the
T—-1 T-—1
last two terms, E(— TZ " (APW,) W, Vi) = pre tr((APW,)'W,) = 7 tr(APW, W) =
Go

T-1& &, 11T Do T—1 b —1  pos
— ;Ai;wijandE —37; W(APW V) = — tr(W, (APW,)) = — tr(APW?) =
T-1y 0y Theref h

T Z{A ZWUWﬂ erefore, we have

i= j=1
(P 111’1’1 (ADW W,)+ tr<ADW2) 1- ]Zz IAZJ lwlj+ Zz IAZJ | WijWji
n—yoo

Etr(WéWn‘Fan) \/ Z:l 12] lwzj+12 12] 1 WijWji

Appendix E The random variables

Assume that the disturbances €; are i.i.d. across i and ¢ with zero mean, finite
variance 63 > 0 and E|g;[*"™ < oo for some 1 > 0. Denote iy = E(g]) for s = 3,4.
Suppose that W, is time-invariant and its diagonal elements satisfy w; = 0 for all
i=1,...,n. Then, we derive the moments associated with the statistics defined in

the main text.

1 Moments of z; .7

1 T ! o o
o ( — =i Vmszsl-WnVnt )2 B 11 (ZtT:I Vrftsisganm)z
o = i T

11 (Zt (v sisgwnvm)2)+ 11 (z, Xty s,s;WnVn,)(s;,ssis;Wn{sps)l)
siW, Wisi 0'6‘ T SiW,W)s;

> 11 (ZtT_l(V,ftsisﬁanm)z)Z 1 (Zt VX 2V i W Ve ) (it Wy Ens)>
T2

o} SW,W)si o3 T2 SSW,Wsi
N 21 ( (X, (V,{,s,-nganﬂ) (Zt VX (V) sisi W Vi ) (€L gsis! Wneyﬂ‘)y)
oy T? sIW, Wis; sIW,Wsi
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From (E.1), (F.2) and (F.8), we have

i l ):zT:I E(V,{ts,»s;Wan)Z L l ZtT:I 22;11 E (Z(Vr:tsl'S;WnVnt) (g;gsSiS;WnEns))
oy T S;WWysi oy T SiW,W,si

1 1 Toys;W,W,s;
ol T SWaWs;

E(zigr) =
+0=1 (E.3)

From (E.2), (F.2), (F.3), (F.8) and (F.12), we have

11 ZthlE(Vn/tsiS;WnVnt)4 11 ZtT:IZIS;llE(2(Vr;zsis;WnVnt)2(Sr,sziS;WnSnSy)

S L €A T F RIS
L L B EVsisiWaVin)* (rssisWans)?) o
o I° (s;WaW,isi)?
L1 TEWsisWaVi)* 1 1 BB (V) sisiWaVin)? (Eh8iSWans)?)
os T?  (siW,Wys;)? oy T? (siW,W/s;)?
+ LL @E(4(V,:,s,-s§Wan)2(ellssis;Wnem)Z)
0'53 T? (siW,W/si)? (E.4)
11 TEWVsisiWa V)t 1 1 (T—1)65(sWaWyisi)* 1 12(T —1)oy (s;W,Wisi)?
oS T (sWaWysi)? oS T (sIW, Wyis;)2 oy T CAATE
11 1 3 (T —1)08(siW,Wys;)?

T oS T (SWaWisi)? oS T (SWaWis)?
1 3 To§(siW,Wisi)> 1 1 c* —308(siW,Wys;)?

ST (sSWaWs)? oy T CAE

where ¢ denotes the fourth moment term defined as ¢ = E(V,.,s;siW,V,;)* whose

explicit expression is given in (F.4). Thus, we have

B2y =3y L LM =300 T w1 L (ks = 0303 (s WaWys)?

Zinr) = o T (siW,W)s;)? os T (siW,W)s;)? (E5)
_3+ilﬂ4(ﬂ4—303)2?:1W$ 3(#4—05‘)l ’
oS T (X w2)? of T

Finally, using (E.3) and (E.5), we obtain
Var(zinr) = E (lenT) —(E (Zi,nT))2
_2+ilu4(#4*306‘)):?:1wé 3(a—oy) 1 (E.6)
oy T (X4 w%j)2 oy T
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6
When g;; are normally distributed, Var(zj,r) =2+ T since g — 363 =0.
2 Cross-moment of z; .1
From (E.1), the covariance Cov(ziur,2j,,7) can be written as

Cov(zint,2jnr) = E(Zint2jnr) — E(Zint )E(2jnT) (E.7)

where

T [ 2
IE;I(ZZ=1(Vr:tSiS;WnVnZ)2) % (Ztl(vntstjW"Vm) ) ‘e

E.8
oy T? SIW, W /s S;WnWH/Sj (E-8)

Z2inTZjnT =

with @ collecting all remaining cross-product terms such that E(¢) = 0.
From (E.8), (F.5), (F.10) and (F.11), we have

1 ZIT:IE(V,f,s,-séWan)Z(V,é,sjs/jWnV,,,)z
oy T? (siWaWysi) (S WuWyis )
11 Y Zz;ét E(Vr:tSiS;WnVnt)z(Sr/;sSJ‘S/jWnEnS)Z i
oy T? (siWaW,isi) (s;Wu Wyis )
11 TEVsisiWaViu)> (Vi i WV )
oy T? (s;WnW,{s,-)(s’jW,,W,{sj)
11 (T2 =T)E(V;8i8iWuViue ) (81,68, Wa€ns)*
Gg T? (sﬁWnW,{s,-)(s'jW,,Wn’sj)
11 3 1 1 (T = 1)0§ (s;WuW,si) (i WaWys )

— L

ol T (sIWuWys;) (s, W W)s ) s T (sTWuWys;) (s, W Wys )

E(ZinTZjnt) =

E(o)

+0 (E.9)

11 TGS(SQWnW,:si)(s}WnW,{sj) 11 fcg(sﬁwnWési)(s}WnW,:sj)
= Gg T (sgwnW,{si)(s’jWnW,fsj) Gg T (s;W,,W,{s,-)(s;.W,,W,{sj)

where cf“ denotes the moment term defined as cf.“” =E(V.sistW, V)2 (Vs jS/jWan)2
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whose explicit expression is given in (F.5). Thus, we have

E(apepr) = 1+ B 22O H @2 Wiy
% T (X wip) (X wii)
mamof L Wi pa—ofl W
o TYL,wh oy TY w}
i 2 (XL wiwji)? pa — 30y 1 Yoo wl-zlwil
T (Zjowi) (Eim wh) oy T (i wh) (X wy,
i 4(ps)* 1 owijw;i (T wirw i) 2(u3)? 1 wi(X wiwjr)
of T(T i) (Tiwl) o T (Tjwi)(Zi )

2(u3)® 1 wii(Z wiwa)

o T( ?:IW,‘Z]‘)( ?:1“’%;‘)

Finally, using (E.3) and (E.10), we obtain

Cov(zint,2jnr) = EZint2jnr) — E(ZinT)E(2j01)

_ (1)’ — 203 +(0g)* 1 W
- S T (Y- Wizj)(Z?:l W%i)
pa—of 1w w—of 1w
o TYL,wh oy TYi,wh
. 2 (X wiwji)? s — 30y 1 Y Wizlwil
T (X wi) (E wh) oy T (X wi)(Xiiwy

Aus)* 1 owipwii(Tiywawi)  2(3)* 1 wii(Xi_ wiwi)

o T(XjwiEiiwh)  op T (Ejwi) (X, w

ij Ji ij
2(u3)* 1 wii(Z wiwa)

oy T( ’}:lwizj)(zfzr‘l:lwii)

+

2.2
WiiWii

2
Jji

(E.10)

(E.11)

2

2

Ji

When g; are normally distributed, Cov(z; 72 n7) =
ij
2

wij (X waw 1)

2 4
— since t4 —30; =0 and uz =0.
Yiowh o T (X wi) (X wh)

N

4
i +=
T (Y wh) (X wh) T Y wh

+



BOK Working Paper No. 2026-8

3 Moment of r; 1

1 7/ / 7 1 & =
gTVnTSiS;WnVnT ngiT Z?:l Wi €T
0 2 0

Finr = ( - ) = (E.12)
/SW,W)si / ?:1 Wl_2j
L 1
where &7 = T Z €;;. Since &7 is independent across i with E (5‘,27) = —Gg and w;; =0
=1
for all i, we obtain
1 X7/ / 7 1 g n s
LTV sis W, Vyr L T8 Y wiiEir
2 T»1 nVn 2 =1 "¢
E(riar) = E(P— e = E(— e
s;WaWyisi ):’}:1 Wi2j
2 1 W L,
= g WE(&T Z.Wijng)
0 &j=1"ij J# (E.138)
r* 1 Z.\2 I
I?ﬁE(SiT) XE(ZW,']'SJ'T)
0 Lj=1"ij J#i
o1 CIUR I U
ZQWE(&.T) X ZWUE(ejT) =1
0 2j=1Wij j=1
4 Moment of Z; ,77i 7
= Y VasisWaVi STV psistWaV,
L Gg ﬁZz:] tSiS; Wn nt)( Gg nTSiSiWn nT)
ZinTtVinT = (
\/ SiWa Wi \/ SiWaWisi ( )
1 E.14

1 T N e, 1 7z, n P
Ggﬁztzlgttz,jzlwugjt GgTetTijlwzjsz

( n 2 n 2
J=1Wij J=1"ij
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T
where &1 = Z g;. Thus, we obtain

=1

—_—

E(ZiprFinr) =
(E.15)

i= lW
L e
B ﬁ):'}:lvv, 3\/>
1 1 11 &
f;w”?fg
L oy ego L
T &Mit0= Up
Appendix F Moments for products of quadratic forms

H I" B}
:Z
o
—
=
N
~
OCL‘,_;

Assume that the disturbances g;; are i.i.d. across i and ¢ with zero mean, finite
_ N
E(g;

variance 6g > 0 and E|g;[*"™ < oo for some 1 > 0. Denote ;= E(g)) for s = 3,4
Suppose that W, is time-invariant and its diagonal elements satisfy w;; = 0 for all
n. Then, we obtain the following moments for products of quadratic forms:

(F.1)

i=1,...,
For distinct indices i, j,I,m

2.
SiSiWaVi) = 0y siWysi =0

E(Vyysis;
(Ve sisiW, Vm)2 = GésﬁW,,W,;s,- = gjzzlwizj (F.2)
(Vi 5iSiWa Ve ) (Vi 8 i Wi Vg ) = GSSQWnsjs;»Wnsi = Oy WijWji (¥.3)
(F.4)

E(V!,sistW, Vi )* —,li4((u4—30'0 Zwlj+360(sWWs,))
=
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E(V,8i8iWVis )2 (Vi 8 Wa Vi )2
= Gg(sﬁwnW,isi)(s'szW,:sj) + ((pa)* —2pa07 + (63)2)(S§Wnsjs'jWnsi)2

+ (”4 - O-(A)‘)O-(A)‘(s/jwnsi)z(s;WnWr:Si) + (”4 - 63)63 (S;Wnsj)Z(S;‘Wnersj) (F.5)
F.!
n
+205 (SiWaWysj)? + (ta — 300) 00 Y wiws; +4(13) 05 (siWas ;) (s, Wasi) (s;Wa W15 )
=1

n n
+ 2(ﬂ3)205(S}WnSi) Y wiwji +2(3)> 65 (s;Wis ) ) W?lwil
1=1 I=1

E(V,8i8iWaVi )2 (Vg 8T W Vi) (VS Wa Vi)

n n n n
8 2 8 8 8
= OgWimWmj Z Wi + 20'0 WijiW jm Z WiiWmi + 20'0 WimWmj Z WitW ji + 2(70 WiiWim Z WiiWmi
=1 =1 =1 =1
4\ 4 4\ 40 2 4\ 4 2
+2(Ha — Oy ) Og Wi jWimW jiWmi + (L — 307 Og Wiy W jmWimj + (s — 360 ) CgWiiW jmWn,j
2.2 2.2 2.2
+2(U3) Oy Wi jWimW jmWimi + 2(H3) Oy Wi jWimW jiWmj -+ 2(U3 )" Oy Wi jWimW jmWim

+ (U3)2 O Wi W jiWinj

(F.6)
= E(VyisiWaVr) (VoS 18 WVt ) (Vi1 WiVt ) (Vg S Wor Vit )
= 403 WiiW jiWimWl + 40§ WiWiWmiW jm + 4G§ WimWmiWijw ji + 403 Wi jW jiWim Wi (E.7)
+ 4G Wi jW jmWiiWt -+ ACGWi W WiniW jom ~+ AOG Wi Wi W jiWn + A0S Wi W jwiiw
+ 4Ggw,~mwmle,-wlj
Fori# jandr#g,
E(V!.5isW Vi) (V. 5i5 W, Vis) = oitr(sisiW,,) x tr(sisiW,,) =0 (F.8)
E(V,yisiWaVi ) (Vs 183 WaVias) = 05 tr(sisiWp) x tr(s s ;W) = 0 (F.9)
2 2 8 2 8\~ . 21\2
E (Vo SisiWaVut ) (Vg $iSiWaVius)” = 0 (siWuW,51)” = 05 (Z Wij) (F.10)
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n n
E(V,:,s,-s;»W,,Vm)2(V,fssjs/jWnVns)2 = Gg (séWnW,isi)(sle,,W,:sj) = Gg( Z Wizj)( W?i) (F.11)
= im

E(V,,s5i5Wo Vi) (V1 58 WpVis) = 0 (F.12)

Appendix G Sample countries

Table G1. The list of sample countries

Australia Austria Belgium Canada China Denmark
Finland France Germany Hungary Ireland Israel
Italy Japan Korea Netherlands  New Zealand  Norway
Poland Portugal Russia Singapore Spain Sweden

Switzerland ~ United Kingdom  United States

Note: These countries account for 96% of the world’s innovation activity in 2021.
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