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Using Density Forecast for Growth-at-Risk to
Improve Mean Forecast of GDP Growth in Korea

In this paper, we study how we may use density forecasts to improve point fore-
casts for the Korean GDP growth rates during the period from 2013:Q3 to 2022:Q1.
Although the time span under investigation is much shorter than desired, our con-
clusions are clear. Density forecasts improve point forecasts, as long as they are
effectively approximated and represented as finite dimensional vectors by appro-
priately chosen functional bases. However, they may only be used to adjust point
forecasts. Combining them with point forecasts to define weighted mean forecasts
does not yield any meaningful improvement. The functional bases we use for our
baseline approach are the leading functional principal components, which by con-
struction most efficiently extract the variations in density forecasts over time. To
disentangle the effects of the mean and other aspects of density forecasts, however,
we also use the functional basis, which designates, as the leading factor, the mean
factor that captures the temporal changes in the mean of density forecasts. Especially
with the use of this functional basis, we see a drastic increase in the precision of point
forecasts for the Korean GDP growth rates. In fact, the mean squared error of point
forecasts decreases by more than 33%, if they are adjusted by density forecasts with
our functional basis including the mean factor.

Keywords: GDP growth rate, point forecast, growth-at-risk density forecast, func-
tional regression, functional basis, functional principal component analysis

JEL Classification: C53, E17, E37
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I. Introduction

The Bank of England introduced its famous fan charts in 1996 to help policy-
makers and the public better understand the risks and uncertainties surrounding
their central inflation projections. Since then, central banks and major research
institutions worldwide have been providing more information regarding the un-
certainties around their mean or point forecasts of key economic indicators, no-
tably for GDP growth and inflation. This trend has led to the publication of
density forecasts by various institutions including, among others, the Bank of
Canada, the Norges Bank, the Federal Reserve Board of Governors, the NY
FED, and the IMF, each offering its own estimates for the probability distribu-
tion using various econometric approaches, in addition to the conventional point
forecasts, of these variables. The Bank of Korea (BOK) is internally examining
density forecasts as well as announcing point forecasts for the GDP growth in
Korea to provide their assessments of the growth-at-risk (GaR), i.e., the risks
and uncertainties associated with the future economic growth, in Korea.

The two forecasts for GDP growth rates, point forecasts, and density fore-
casts are typically prepared by distinctive working groups for different purposes
relying on not entirely overlapping sets of information. However, point forecasts
are considered by most people as mean forecasts, i.e., forecasts of the mean of
GDP growth rates,1) which are also provided by density forecasts as one of their
characteristics. Publishing density forecasts as well as point forecasts therefore
necessarily creates a problem of discordance, since the mean of a density forecast
would not agree with the corresponding point forecast unless they are aligned
with each other before their publication. Therefore, raised are three important
issues regarding the joint publication of point and density forecasts: (i) whether
density forecasts provide any useful information for point forecasts, (ii) how to
combine the additional information in density forecasts with that in point fore-

1) Point forecasts may also be interpreted as the forecasts for other distributional characteristics
of GDP growth rates such as median, mode or even a particular quantile by specifically looking
at an appropriate loss function for the forecasting error. In the paper, we use the mean squared
loss function for the forecasting error assuming that point forecasts are regarded as the forecasts
for the mean of GDP growth rates.
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casts, and finally (iii) how to align the mean of a density forecast with the cor-
responding point forecast.

In this paper, we address and find a solution to each of these issues for the
forecasts of GDP growth rates in Korea. As point forecasts, we use the BOK
official one-year-ahead forecasts during the period from 2013:Q3 to 2022:Q1.
Over the same period, density forecasts are obtained based on a copula based
approach as proposed in Lee (2020).2) We construct a key variable, the Financial
Condition Index (FCI), using various economic variables that are believed to
reflect macro and financial market conditions in Korea. As covariates, we include
the real GDP gap, the U.S. federal funds rate (FFR), the spread between the U.S.
FFR and the Korean call rate, as well as the FCI.3) For each time period, we
follow Adrian et al. (2019) and compute four conditional quantile values, at the
levels 5%, 25%, 75%, and 95% of GDP growth rates conditional on the set of our
covariates, and define a skewed t-density with four parameters that most closely
matches the computed conditional quantile values as our density forecast.

Our study employs a functional regression of the future GDP growth rate
on its density forecast as an additional functional covariate, as well as its point
forecast as a usual scalar covariate. Though simple, this functional regression is
expected to provide direct answers to our questions. If the density forecast is as
informative as the point forecast, then it would certainly improve the precision
of the prediction if we combine the density forecast with the point forecast to
come up with a new predictor. Our functional regression can be very useful in
this context, since we may just run the functional regression and easily define a
new predictor as a linear combination of the two covariates: the point forecast
and the density forecast. Even if the density forecast is not as informative as the
point forecast, we may still use the density forecast to adjust the point forecast
and improve the precision of the forecast. In this case, we may simply consider
the functional regression of the prediction error made by the point forecast on
the density forecast as a functional covariate.

2) Lee was in charge of producing density forecasts for internal use at the BOK, and was working
at the BOK at the time this project was started in 2022.

3) Adrian et al. (2019) use as conditioning variables GDP growth rate and FCI.
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To estimate the functional regression required for our study, we need to con-
vert the density forecast into a finite dimensional vector. For this, we approximate
the density forecast as a finite linear combination of an appropriately chosen
functional basis, which is represented as a finite dimensional vector of the coeffi-
cients appearing in the linear combination of the basis used to approximate the
density forecast. The transformation to map the approximate density forecast to
a finite dimensional vector is one-to-one and preserves the distance. Therefore,
once we approximate and represent the density forecast as a finite dimensional
vector using a functional basis, our functional regression essentially reduces to
the standard regression that may be estimated by the usual OLS procedure. An
estimate for the functional coefficient for the density forecast can be easily ob-
tained by mapping the OLS estimator obtained from the corresponding standard
regressions back to a functional estimate by applying the inverse transformation.

For the baseline functional regressions, we use the leading functional prin-
cipal components (FPCs) of observed density forecasts as our functional basis.
By construction, the leading FPCs most efficiently extract the variation in any
functional observations and, for this reason, it is most widely used as a func-
tional basis in a wide range of applications in functional data analysis. Indeed,
Chang et al. (2022) show that using the leading FPCs as a functional basis to
approximate and represent functional observations as finite dimensional vectors
entails some optimal properties in estimating general functional regressions. In
the paper, however, we also employ another functional basis to disentangle the
effect of the mean of the density forecast, from the effects of any other aspects of
the density forecast, on the prediction of actual growth rates. For this purpose,
we use the functional basis consisting of the first element designated as the mean
factor, which captures the temporal changes in the mean of the density forecast,
and other elements given by the leading FPCs of the centered density forecasts,
i.e., the density forecasts with their means shifted to zero.

The most serious limitation of our study is that there are only 35 quarterly
observations available for the official BOK point forecasts. We are fully aware
of the fact that our sample size is much smaller than desired and that the con-
sequence of this limited availability of data can be severely detrimental to our
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study. This makes it hard for us to rely on the sophisticated functional data
analysis that we need to adopt to investigate our problems in full generality.4)

Fortunately, however, we are able to draw a set of clear and coherent conclusions
on all of our three main questions: whether the use of density forecasts is help-
ful at all for improving point forecasts, how to use the information on density
forecasts to provide better point forecasts, and how to make the mean of den-
sity forecasts accord with point forecasts. Our results are consistent and robust
across different choices of functional bases and various other tuning parameters,
and they seem to be quite reliable.

The use of density forecasts, in addition to point forecasts, appears to gener-
ally improve the precision of the forecast for future Korean GDP growth rates.
If density forecasts are combined with point forecasts based on our functional
regression to define weighted mean forecasts, however, the forecast precision does
not improve significantly. For a more meaningful improvement, density forecasts
should be used only to adjust point forecasts. These are conclusions that we draw
from our functional regression estimated with the functional basis consisting of
the leading FPCs of observed density forecasts. To disentangle the effects of the
mean and other distributional aspects of density forecasts, we also use another
functional basis including the mean factor, which captures the temporal changes
in the mean of density forecasts, and two other factors extracted as the FPCs
of the centered density forecasts. With the use of this functional basis, we see
a most drastic increase in the precision of the forecast for future GDP growth
rates. In fact, the mean squared error of point forecasts decreases by more than
33%, if they are adjusted by density forecasts with the functional basis including
the mean factor.

The details of our empirical results have further implications on how best
density forecasts can be used to adjust point forecasts to improve the precision
of the point prediction of the future Korean GDP growth rates. First, our results
show that historically the point forecasts for Korean growth rates tend to be low

4) Due to the limited availability of data, we didn’t perform any formal back-testing. We drew
our conclusions mostly based on the bias and variance computed simply from the forecasting
regression model.
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when pessimistic future scenarios are prevailing with potentially high downside
risks. Although the tendency to overreact also exists when futures are highly
optimistic, it is not as significant as in the pessimistic case. Second, according to
our results, the mean of a density forecast is important and should be exploited to
produce a more precise point forecast. As a consequence, it is not recommended
to shift the density forecast to make its mean aligned with that of the point
forecast. The loss of information incurred by such a practice can be substantial.
Finally, we may also use our results to deal with the discrepancy between a
point forecast and the mean of a density forecast. The best way to deal with this
problem is first to adjust the point forecast using our functional regression with
the density forecast, and then refit the density forecast with its mean aligned
with the adjusted point forecast.

The rest of the paper is organized as follows. Section II describes how we
construct density forecasts of GDP growth rates. Section III provides a brief in-
troduction to the functional regression we use to predict growth rate using density
forecasts along with the BOK’s official point forecasts. Section IV presents our
empirical results. It provides estimates of the weights on point forecasts, and
density forecasts used to construct a new predictor, computes the adjustment
factor from density forecasts to improve the point forecast, and investigates how
the density forecasts improve the point forecast, especially in which way the
mean factor of the density forecasts contributes to improving the point forecast.
Section IV also provides discussions on our findings and their implications. Sec-
tion V concludes, and the Appendix provides details of the analyses provided in
the main text and some robustness checks.

II. Forecasts of Korean GDP Growth

1. Point Forecast of GDP Growth

The point forecasts analyzed in our study are the forecasts of Korean GDP
growth rates constructed by the Bank of Korea (BOK).The BOK produces GDP
forecasts for the current year and the next year every quarter and releases their
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forecasts four times per year in February, May, August, and November.5) The
BOK’s official point forecasts are fixed-event forecasts that are produced each
quarter for the same target variables, the GDP growth rates for the current cal-
endar year and the next calendar year, with decreasing forecast horizons as time
progresses toward the end of the respective calendar year. Under this fixed-event
forecasting scheme, for example, the BOK’s point forecasts made in May 2022
and August 2022 both provide a forecast for the same target variable, i.e., the
current calendar year 2022, but with a shorter forecast horizon for the forecast
made later in August 2022. The fixed-event forecasts therefore reflect decreasing
uncertainties in economic conditions as the forecast horizon shortens, and, conse-
quently, the resulting forecast error variances show such seasonal characteristics.

For our study, however, we use an alternate forecasting scheme that pro-
duces fixed-horizon forecasts. The fixed-horizon point forecasts are more suit-
able for our empirical analyses for two reasons. First, unlike the BOK’s official
fixed-event point forecasts, fixed-horizon forecasts are less susceptible to seasonal
characteristics of forecast error variances. Second, with fixed-horizon forecasts,
it is straightforward to match the forecast horizon with that of density fore-
casts that are commonly used by policymakers to characterize the uncertainty
of future growth rates after some fixed amount of time. Details on how we con-
struct density forecasts for the Korean growth rates are provided in the following
subsection.

More specifically, we analyze point forecasts for one-year-ahead GDP growth
rates. In this scheme, the forecast horizon is fixed at four quarters, while the fore-
cast target variable varies to represent the future growth rate four quarters after
the forecast is made. In contrast to the fixed-event point forecasts illustrated
above, the fixed-horizon one-year-ahead point forecasts made in May 2022 and
August 2022 provide forecasts for two distinct target variables, the growth rate
in 2023Q1 and the growth rate in 2023Q2, respectively, with the same fore-
cast horizon at four quarters, and consequently with no aforementioned seasonal

5) In November, the forecasts for the current year and the following two years are made. The
BOK’s current reporting schedule was adopted in 2020. Prior to 2020, the BOK released its
forecasts in January, April, July, and October.
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patterns in forecast error variances.

To obtain the BOK’s one-year-ahead point forecast, we collect the vintage
quarterly point forecast paths constructed by the BOK.6) Vintage point forecast
paths for the first, second, third, and fourth quarters of each year include point
forecasts of GDP growth rates up to seven-, six-, five-, and eight-quarters-ahead,
respectively, from the quarters when the official forecasts were made. Each vin-
tage point forecast path was constructed using the same forecasting procedure
used to produce the BOK’s official point forecast published each quarter in our
sample period. Since these point forecast paths were constructed with the same
data set, the same forecasting model, and the same expert judgments as those
used to produce the official point forecasts, we assume the point forecasts used
in our study as official BOK one-year-ahead point forecasts.

For our study, we construct a quarterly time series of one-year-ahead point
forecasts using, for each quarter, the four-quarter-ahead forecast from the vintage
point forecast path for the period 2013:Q3 to 2022:Q1. Our sample period is
determined by the data availability. It starts from 2013:Q3 since the vintage
BOK’s point forecast paths for GDP growth rates are available only from then,
and it ends in 2022:Q1 since we need actual one-year-ahead GDP growth rates
as the forecast target variable for our analysis.7) Our sample size is rather short
with only 35 quarterly observations, but this is the longest we can stretch if we
want to use only vintage data. We may, of course, extend the sample period if
we use model-based point forecasts constructed ex-post for the earlier years.

2. Density Forecast of GDP Growth

There are many different ways to construct density forecasts. One of the most
commonly used approaches, due largely to its simplicity, is to follow Adrian et al.

6) Quarterly point forecast paths are confidential data and constructed for internal analysis and
judgments only.

7) To construct the target annual growth rate at each quarter, say at 2020:Q4, we need four
quarterly GDP level data for 2020:Q4, 2020:Q3, 2020:Q2, and 2020:Q1, along with four year-
over-year GDP changes, 2021:Q4-2020:Q4, 2021:Q3-2020:Q3, 2021:Q2-2020:Q2, and 2021:Q1-
2020:Q1.
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(2019) and obtain density forecasts from the linear quantile regression of future
GDP growth rates on the current financial condition index (FCI), as well as
GDP growth rate, and fit a skewed t-density with four parameters that most
closely matches the computed quantile values. As an alternative, Carriero et al.
(2020) propose model-implied density forecasts constructed from a Bayesian VAR
model. Linearity of the quantile regression and normality of the error distribution
have been challenged, and there are more flexible models and methods allowing
for nonlinearity and nonparametric error distributions. They include a nonpara-
metric estimation of nonlinear VAR by Adrian et al. (2021), a Markov switching
model by Caldara et al. (2021), use of GARCH-type volatility by Brownlees and
Souza (2021), and a semi-parametric estimation using survey forecasts by Clark
et al. (2020).

Following Lee (2020), we estimate conditional quantiles of future GDP growth
by utilizing a D-vine copula based quantile regression method as introduced
by Kraus and Czado (2017). Given covariates (Xt), Xt = (X1t , . . . ,XMt), the func-
tion QYt+h∣X(τ ∣x) representing the τ-th conditional quantile value of the variable
(Yt+h) of interest is defined as the inverse of the conditional distribution func-
tion F−1

Yt+h∣Xt
(r∣xt) of (Yt+h) on (Xt). In contrast to the linear quantile regression

model used by Adrian et al. (2019), assuming a linear relationship between the
conditional quantiles and explanatory variables, the copula based quantile re-
gression method allows us to investigate a nonlinear relationship between the
conditional quantiles and covariates by modeling the conditional distribution
function (FYt+h∣Xt ) as a copula function.8)

Specifically, we suppose that the variable (Yt+h) of interest and covariates
(Xjt)Mj=1 follow univariate marginal distribution functions FYt+h and (FXj)

M
j=1, re-

spectively. Then we define (Vt+h) and (Ujt)Mj=1 as Vt+h = FYt+h(Yt+h) and Ujt =

8) Linear quantile regression models susceptible to the potential issue of quantile crossing as
conditional quantiles are affine functions of covariates Xt . Under this specification, the slope
parameters depend on the probability index τ, which may cause quantiles at different values
of τ to cross each other, and, therefore, the conditional quantiles cannot be linear in covariates
Xt . This issue possibly leads to bias in the estimation, which, in turn, may result in over-
or underestimating risks. On the other hand, the copula-based conditional quantile function
naturally satisfies monotonicity without such an issue.
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FXj(Xj) by the probability integral transformation (PIT) of (Yt+h) and (Xjt), re-
spectively, which are uniformly distributed on the interval [0,1], and set the
joint distribution of (Yt+h) and (Xt) as

F(yt+h,x1t , . . . ,xMt) =C(vt+h,u1t , . . . ,uMt),

where C denotes a copula that is a (M+1)-dimensional distribution function on
the hypercube [0,1]M+1 with uniformly distributed marginals. The conditional
distribution function (FYt+h∣Xt ) of (Yt+h) on (Xt) can now be written as that of
their PIT counterparts, i.e.,

FYt+h∣Xt (r∣xt) =CVt+h∣Ut (r∣ut),

for r ∈R. As a result, the conditional quantile function of (Yt+h) on (Xt) can be
obtained from the conditional copula quantile function CVt+h∣Ut of (Vt+h) on (Ut)
as

QYt+h∣Xt (τ ∣xt) = F−1
Yt+h∣Xt

(CVt+h∣Ut (τ ∣ut)) , (II.1)

for τ ∈ (0,1). A D-vine, as a subclass of regular vine copulas, allows us to model
multivariate copulas using the blocks of bivariate copulas, a so-called pair-copula
construction. Refer to Aas et al. (2009) for a detailed examination of bivariate
pair-copulas. Kraus and Czado (2017) implement a D-vine copula to model quan-
tile regressions and show that the proposed method works fast and accurately
even in high dimensions.

In practice, using a D-vine copula based quantile regression, we estimate
conditional quantiles of h-quarter-ahead real GDP gap for h = 1, . . . ,4. To obtain
a density forecast of one-year-ahead real GDP growth, we transform estimates
of the h-quarter-ahead real GDP gap to the conditional quantiles of the one-
year-ahead real GDP growth rate and then fit those estimates to the skewed
t-distribution. To estimate the non-linear quantile regression model (II.1), we
consider the h-quarter-ahead real GDP gap, which is the cyclical component of
real GDP as the response variable. Following Hamilton (2018), we decompose the
real GDP into trend and cyclical components by regressing the h-quarter-ahead
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log real GDP on the constant, current, and lagged values of log real GDP. For
explanatory variables, we use the real GDP gap, the FCI, the U.S. FFR, and
the difference between the U.S. FFR and the call rate in Korea available at time
t. Details for constructing real GDP gap and FCI are available in Appendix A.
The data set used in the estimation of density forecast is available from 1991:Q2
to 2022:Q4. All variables used for data construction are obtained from the BOK
Economic Statistics System (ECOS).

We obtain approximate estimates of the conditional quantile function for
the GDP gap for up to four quarters ahead by estimating a nonlinear quantile
regression (II.1). For each quantile, we convert the h-quarter-ahead GDP gap
into the level of GDP by adding back the trend component estimated using
Hamilton’s regression-based filter. We randomly draw h-period-ahead real GDP
30,000 times from the conditional quantiles of the real GDP level and calculate
the one-year-ahead GDP growth rate for each simulation over the previous four
quarters of real GDP observations to obtain conditional quantiles of the one-
year-ahead real GDP growth rate.

In the subsequent step, as in Adrian et al. (2019), we fit the skewed t-density to
smooth the conditional quantile values and recover a probability density function
of the one-year-ahead GDP growth rate.9) The skewed-t distribution is defined
with four parameters signifying, respectively, the location, scale, skewness, and
tail fatness (degree of freedom). Specifically, the four parameters of the skewed
t-density are estimated such that the distance between the conditional quantiles,
at the 5th, 25th, 75th, and 95th percentiles, we obtain as in (II.1) and the corre-
sponding quantiles derived from the probability density function of the skewed
t-distribution are minimized.

9) The probability density function of the skewed t-distribution is defined as

f (r; µ,σ ,θ ,ν) =
2
σ

dT (
r−µ

σ
;ν)T

⎛
⎝

θ
r−µ

σ

�
��� ν +1

ν + r−µ
σ

;ν +1
⎞
⎠
,

where dT(⋅) and T(⋅) represent the probability density function (PDF) and the cumulative
distribution function (CDF) of the student-t distribution, respectively.
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Figure 1. Density Forecasts of GDP Growth Made in Nov. 2022 and Feb. 2023

Notes: The red and blue solid lines, respectively, signify the density forecasts made in November 2022
and February 2023. The shaded area under each density forecast signifies the probability of the growth
rate being less than 0% one year ahead.

Figure 1 shows the estimated density forecast of a one-year-ahead GDP
growth rate made in November 2022 conditioning on data available up to the
third quarter of 2022 and forecast made in February 2023 using data up to the
fourth quarter of 2022. Hence, the difference in these two densities comes from
the additional information on the economic and financial market conditions avail-
able for the last quarter of 2022. To bring both point and density forecasts into
the discussion, the mode of the distribution is adjusted to align with the BOK’s
official point forecast of GDP growth. The point forecast was revised upward
from 1.4% in the November 2022 projection to 1.6% in the February 2023 pro-
jection, while density forecasts show an increase in the likelihood of an economic
downturn, with GDP growth rates below 0% from November 2022 to February
2023.

The Korea Economic Outlook published in February 2023 partly addresses
higher left tail risk to GDP growth. The domestic economy is expected to con-
tinue a sluggish growth trend in the first half of 2023 due to the global economic
slowdown and rising interest rates, while it is anticipated that improvement will
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gradually occur in the second half, driven by a recovery in China and in the IT
industry. However, the outlook remains highly uncertain.

Domestically, a slowdown in housing market activities may lead to an increase
in the downward risk of GDP growth. Several global factors also add downward
pressure. Overall, the global economy is expected to experience a similar gradual
improvement of the economic outlook, driven by China’s reopening and expecta-
tions of an economic recovery in the U.S. and Europe. Nevertheless, key factors,
such as the tightening monetary policies of major central banks and the recov-
ery pattern of the Chinese economy, bring significant uncertainties to economic
growth in Korea. Although decreasing compared to the past, the continued high
trade dependency on China poses a significant likelihood that the inherent uncer-
tainty in China’s economic recovery may act as a downside risk for GDP growth
in Korea. Exacerbated geopolitical fragmentation related to the Russia-Ukraine
war may act as further downward pressure on growth.

III. The Model and Econometric Methodology

1. The Model

We investigate whether it is possible to improve the mean forecast of GDP
growth by using additional information contained in the density forecast obtained
in the previous section. For our study, let ( ft)Tt=1 be the density forecast obtained
in the previous section, which is formally defined as a time series taking values
in a Hilbert space H of square integrable functions with the inner product given
by

⟨u,v⟩ =∫ u(r)v(r)dr,

for u,v ∈H, and the norm given by

∥v∥2 = ⟨v,v⟩ =∫ v2(r)dr,

for v ∈H.
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We consider a functional regression

(yt −y) = α(mt −m)+⟨β ,( ft − f )⟩+εt , (III.1)

where (yt), (mt) and ( ft) are the actual growth rate, the mean forecast and the
density forecast, and y, m and f are their expectations or consistent estimates
of their expectations, respectively, and α and β are parameters.10) Here β is a
functional regression coefficient capturing the linear effect of ( ft) on (yt). By
the Riesz representation theorem, any linear functional ℓ ∶H →R of ( ft) can be
represented as ℓ( ft) = ⟨β , ft⟩ for some β ∈H. Therefore, our functional regression
model captures any linear effect of ( ft) on (yt). We use the functional regression
model (III.1) to see whether the density forecast ( ft) is marginally useful for the
forecast of GDP growth in the presence of the mean forecast in a general linear
regression setup.

In fact, for our regression (III.1), we may redefine the underlying Hilbert
space H more precisely as the Hilbert space of square integrable functions whose
integrals vanish, i.e.,

H = {v ∣∫ v(r)dr = 0,∫ v2(r)dr <∞} .

Note that ( ft) and f are all densities and we have

∫ ( ft − f )(r)dr = 0,

for all t. This implies that ft − f ∈H, from which it follows that

∫ β(r)dr = 0,

since β ∈ H. The functional regression coefficient β is thus given as a function

10) Equivalently, we may define the functional regression in (III.1) as

yt = µ +αmt +⟨β , ft⟩+εt ,

with an additional constant term µ.
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whose integral vanishes.

We also consider the functional regression

(yt −y) = (mt −m)+⟨β ,( ft − f )⟩+εt , (III.2)

where the restriction α = 1 is imposed in the functional regression (III.1). While
the unrestricted functional regression (III.1) uses the mean forecast (mt) and
the density forecast ( ft) jointly without any restrictions in predicting the GDP
growth, the restricted functional regression (III.2) uses the density forecast ( ft)
only to further predict the forecast error in predicting the GDP growth made by
the mean forecast (mt). The former allows the density forecast to substitute a
part of the mean forecast, whereas the latter permits the density forecast only to
take a complimentary role to the mean forecast, in predicting the GDP growth.

2. Econometric Methodology

For the statistical analysis of our functional regression model, we use the pro-
cedure developed by Chang et al. (2022). Subsequently, we redefine f =(1/T)∑T

t=1 ft ,
i.e., the sample mean of ( ft)Tt=1, in place of the population mean E ft assumed
to be common for all t = 1, . . . ,T . To estimate the functional regression (III.1),
we need to represent the observations of the functional covariate ( ft − f )Tt=1 by
finite-dimensional vectors. For the most effective representation, we let (vk)Tk=1

be the eigen-functions of the sample variance operator of ( ft) given by

Γ = 1
T

T

∑
t=1
(( ft − f )⊗( ft − f )) , (III.3)

associated with the eigenvalues (λk)Tk=1, λ1 >⋯ > λT , and approximate ( ft − f ) as

ft − f ≈
K

∑
k=1
⟨vk, ft⟩vk, (III.4)
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for t = 1, . . . ,T with an appropriately chosen 1 ≤ K < T , wherein ⊗ signifies the
tensor product in H corresponding to the outer product in Rn.11) The eigen-
functions of the sample variance operator of ( ft) in (III.3) is often called the
(normalized) functional principal components (FPCs) of ( ft).

Note that any v ∈H can be written as

v =
∞
∑
k=1
⟨uk,v⟩uk,

using any orthonormal basis (uk). Therefore, we may readily see that our ap-
proximation in (III.4) is based on two important choices: the choice of the basis
(vk) and the choice of the truncation number K. Following the standard practice
of the functional data analysis (FDA),we use the leading eigen-functions (vk) of
the sample variance operator Γ in (III.3), which will be subsequently referred to
simply as the FPC basis, throughout our empirical study. The reader is referred
to Chang et al. (2023) for some optimal properties of using the FPCs as a basis
in this context. The use of the FPC basis allows us to most effectively represent
the temporal variation of a functional covariate in functional regressions. We
choose the truncation number K using the cross-validation in each of the func-
tional regressions (III.1) and (III.2) for our unrestrictive and restrictive models,
respectively.

Let V be the K-dimensional subspace of H spanned by (vk)Kk=1, and define Π
to be the (orthogonal) projection on V in H. Then it follows that

Π( ft − f ) =
K

∑
k=1
⟨vk, ft⟩vk,

which we may represent as K-dimensional vectors in the coordinate system given
by (vk)Kk=1. To show this more precisely, we introduce a mapping π on H defined

11) In fact, if u,v ∈ Rn, u⊗ v = uv′, which contrasts with the inner product ⟨u,v⟩ = u′v. In a general
Hilbert space H with inner product ⟨⋅, ⋅⟩, the tensor product u⊗ v for any u,v ∈ H yields an
operator of rank one, which is formally defined as (u⊗v)w = ⟨v,w⟩u for all w ∈H.
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as π(v) = ⎧⎩v⎫⎭, where

⎧⎩v⎫⎭ =
⎛
⎜⎜⎜
⎝

⟨v1,v⟩
⋮

⟨vK ,v⟩

⎞
⎟⎟⎟
⎠
, (III.5)

for any v ∈H. For any v ∈V , there exists a unique K-dimensional vector ⎧⎩v⎫⎭, and
that

∥v∥2 =
K

∑
k=1
⟨vk,v⟩2 = ∥⎧⎩v⎫⎭∥

2,

where we use the notation ∥ ⋅∥ to denote the Hilbert space norm in H for v ∈V on
the left-hand side and the usual Euclidean norm for (v) in RK on the right-hand
side. Therefore, the mapping π defines an isometry between V and RK , which
are as a result virtually identical. This allows us to represent the functional time
series ( ft − f ) effectively as the K-dimensional vector time series (⎧⎪⎩ ft − f⎫⎪⎭).

Now we consider the functional term in our functional regressions in (III.1)
and (III.2), which we may write as

⟨β ,( ft − f )⟩ = ⟨β ,Π( ft − f )⟩+ ⟨β ,(1−Π)( ft − f )⟩ ≈ ⟨β ,Π( ft − f )⟩.

However, we have

⟨β ,Π( ft − f )⟩ = ⟨β ,
K

∑
k=1
⟨vk,( ft − f )⟩vk⟩ =

K

∑
k=1
⟨vk,β ⟩⟨vk,( ft − f )⟩ = ⎧⎩β⎫⎭

′⎧⎪⎩ ft − f⎫⎪⎭ ,

and therefore, our functional regressions (III.1) and (III.2) reduce to

(yt −y) ≈ α(mt −m)+⎧⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+εt (III.6)

(yt −y) ≈ (mt −m)+⎧⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+εt , (III.7)

for our unrestricted and restricted models, respectively, if we use the approx-
imation for ( ft − f ) introduced in (III.4). The regressions in (III.6) and (III.7)
are entirely standard having no functional arguments, and the parameters α ∈R
and ⎧⎩β⎫⎭ ∈ RK can be estimated by the usual OLS method. Note that we may
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estimate the functional regression coefficient β by

β̂ = π−1(⎧̂⎩β⎫⎭) and β̃ = π−1(⎧̃⎩β⎫⎭),

where π−1 is the inverse of the isometry π introduced in (III.5), and ⎧̂⎩β⎫⎭ and
⎧̃⎩β⎫⎭ are the OLS estimates obtained from the regressions in (III.6) and (III.7).
Throughout the paper, we will call the regressions (III.6) and (III.7) the estimat-
ing regressions for the functional regressions (III.1) and (III.2), respectively.

Not only the estimators of the parameters in the functional regressions (III.1)
and (III.2), but also their distributions can be assessed by the bootstrap based
on the corresponding estimating regressions in (III.6) and (III.7). As mentioned
above, the estimating regressions in (III.6) and (III.7) are standard regressions
and we may easily bootstrap them using the standard bootstrap procedure for
regressions. In our empirical analysis, we obtain the fitted residuals (ε̂t) or (ε̃t)
to get the demeaned fitted residuals

(ε̂t −
1
T

T

∑
t=1

ε̂t)
T

t=1

or (ε̃t −
1
T

T

∑
t=1

ε̃t)
T

t=1

,

from which the bootstrap samples (ε∗t ) are drawn, and then generate the boot-
strap samples (y∗t ) from

(y∗t −y) = α̂(mt −m)+⎧̂⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+ε∗t

(y∗t −y) = (mt −m)+⎧̃⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+ε∗t

for the estimating regressions (III.6) and (III.7), respectively. The validity of our
bootstrap procedure directly follows from more general bootstrap consistency
established in Chang et al. (2022).
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Figure 2. Time Series of Density Forecasts

Notes: The left panel shows the quarterly time series of the density forecasts. The right panel shows
the same densities demeaned over time.

IV. Empirical Results

1. Functional Principal Component Analysis

The quarterly time series of the density forecasts, estimated using the method-
ology described in Section II.2, is shown in Figure 2. We present both the original
density forecasts ft on the left panel and the demeaned density forecasts ( ft − f̄ )
on the right.

The scree plot in Figure 3 presents the proportions of the cumulative temporal
variations of the density forecast ( ft) explained by leading functional principal
components (FPCs), which we call interchangeably as factors for simplicity. It
shows, for instance, that the first FPC explains about 44% of the temporal
variation of the density forecast, and the first and second FPCs explain jointly
about 76% of the total variation, and so on. The six leading FPCs explain more
than 99% of the variation, which implies that they represent almost all temporal
variation in the density forecast. This implies that we only need six factors to
account for all temporal variation in the density forecast.



19 BOK Working Paper No. 2024-10

Figure 3. FPCA Scree Plot

The leading factor is presented in Figure 4 with its associated loadings in
Figure 5. The loadings associated with a factor are a time series, which we may
interpret as the coefficient for the factor signifying its effect at each time. The
leading factor, when its loading is positive, moves the distribution of forecasts
to the right by suppressing smaller forecasts less than about 3% while increasing
the occurrence of larger forecasts above 3%. The loadings of the first factor and
the point forecasts (mt) are positively correlated with the sample correlation co-
efficient 0.5434. Therefore, the point forecast tends to increase when the loading
of the first factor gets larger, as is well expected.

The second factor and its loadings are presented in Figure 6 and Figure 7. The
second factor, with a positive loading, tends to decrease tails, especially the left
tail, of the density forecasts. It increases density forecasts in the mildly positive
2%-4% range, while it reduces density forecasts in either the pessimistic range
below 2% or overly optimistic range above 4%. The degree of downward pressure
is much bigger for pessimistic forecasts relative to more optimistic forecasts.
This factor does not move extreme forecasts on both ends. Like the loadings of
the first factor, the loadings of the second factor are also positively correlated
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with the point forecasts, though the magnitude of correlation seems a little less
strong with the sample correlation coefficient 0.3401. The first two factors of
the density forecast ( ft) thus have loadings that move positively with the point
forecasts (mt). Recall that they explain a major portion, more than 76%, of the
total variation of the density forecast over time.

Figure 4. First Functional Principal Component (FPC1)

Figure 5. FPC1 Loading
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Figure 6. Second Functional Principal Component (FPC2)

Figure 7. FPC2 Loading

The third factor and its loadings are in Figure 8 and Figure 9. This factor
moves the actual rates in an ambiguous way. It moves up the actual rates when
the forecasts are either very pessimistic (-1% to -6%) or mildly optimistic with
forecasts around 3%. An asymmetric effect is observed in the magnitudes of the
upward movement, which is much larger for the pessimistic forecasts compared
to that for the mildly optimistic case. The third factor lowers the actual rates
when the forecasts are either mildly pessimistic with forecasts from -1% to 1%
or optimistic with forecasts from 3%-6%. When it lowers the actual rates, the
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magnitudes of the effects are about the same. The loadings of this factor are
most noticeable around 2020.Q3 during the first year of the COVID pandemic.
The third factor loadings turn out to be negatively correlated with the point
forecasts with the sample correlation coefficient of −0.4040.

Figure 8. Third Functional Principal Component (FPC3)

Figure 9. FPC3 Loading

We do not report other factors and their loadings, since they seem to be
largely uninterpretable and unrelated to the point forecasts. Given that the first
three factors account for approximately 90% of the total temporal variation of
the density forecast, we believe that the effects of other factors on the point
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forecast would be minimal even if they exist. In fact, as we will show later, their
effects on the point forecast are either insignificant or non-existing in all models
we consider in the paper. We will therefore not discuss other factors and their
loadings in any detail.

2. Unrestricted Model

To investigate if the density forecast ( ft) may improve forecasting growth
rates (yt) when used jointly with the point forecast (mt), we consider the func-
tional regression

yt = τ +αmt +⟨β , ft⟩+εt , (IV.1)

where (yt) is the actual growth rate, (mt) the official point forecast, ( ft) the
density forecast, α and β are scalar and functional parameters, respectively, and
τ is the constant term. Later, we will also consider the functional regression with
α restricted to be unity. The functional regression (IV.1) will therefore be called
the unrestricted model.

The functional regression (IV.1) is rewritten as

(yt −y) = α(mt −m)+⟨β ,( ft − f )⟩+εt ,

in the demeaned form as in (III.1) and fitted by the estimating regression

(yt −y) = α(mt −m)+⎧⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+εt ,

which was introduced in (III.6).12) By the usual OLS procedure, we obtain the
estimators α̂ and ⎧̂⎩β⎫⎭ of the regression coefficients α and ⎧⎩β⎫⎭ in the estimating
regression, which are 1- and K-dimensional, respectively. Recall that K is the
number of factors we use to represent the density forecasts ( ft) as finite dimen-
sional vectors. The estimator α̂ is also given as an estimator of the coefficient α
in the original functional regression. On the other hand, the functional coefficient

12) Subsequently, we will simply use = instead of ≈ to define the estimating regression here and
elsewhere in the paper.
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Table 1. LOOCV−MSEs for Unrestricted Model

K 1 2 3 4
MSE 0.8279 0.8355 0.9919 2.4129

β̂ in the original functional regression is given by β̂ = π−1(⎧̂⎩β⎫⎭), where π is the
isometry we defined in Section III. Once the estimators α̂ and β̂ for α and β are
obtained, we may compute the fitted values (ŷt) of (yt) as

ŷt = (y− α̂m−⟨β̂ , f ⟩)+ α̂mt +⟨β̂ , ft⟩, (IV.2)

for each t = 1, . . . ,T .

To run the estimating regression, we should first determine the value of K,
i.e., the number of factors to use to approximate and represent the density fore-
casts ( ft) as finite dimensional vectors. For our empirical study, we employ the
leave-one-out-cross-validation (LOOCV)method to choose the number K of fac-
tors. The LOOCV is used widely for model selection problems in many different
contexts. In general, it fits a model leaving one observation out each time and
predicts the left-out observation by the fitted model, and computes the mean-
squared error (MSE) for all models in a given class of models. We may then
choose the model which yields the smallest MSE. In our application, we try dif-
ferent values of K and use the LOOCV to choose the value of K that gives us the
smallest forecast error measured by the sum of squared loss for our functional
regression model. The MSEs for different choices of K are given in Table 1 with
their plot in Figure 10 for the range of K’s in 1 ≤ K ≤ 4. The MSE increases up
to 44.3175 for K = 5 and explodes very rapidly as we further increase K.

The LOOCV chooses K = 1 and suggests the single factor model for our func-
tional regression. However, the MSE for the single factor model with K = 1 is
not distinctively smaller than that for the double factor model with K = 2. Their
difference appears to be insignificant, especially relative to the differences in
MSEs for other choices of values of K with K ≥ 3. Moreover, the second factor



25 BOK Working Paper No. 2024-10

Figure 10. LOOCV−MSEs for Unrestricted Model

Notes: Plotted are the mean-squared-errors (MSEs) from estimating the benchmark estimating re-
gression (IV.1) with different choices of K.

explains about 32% of the total temporal variation of the density forecast, which
is certainly non-negligible. In fact, the portion explained by the second factor is
roughly comparable to the portion explained by the first factor, which is only
about 44%. Therefore, we decided to estimate our functional regression model
with double factors as well as with a single factor. The estimation results from
the double factor model will be given below subsequently.

Estimated Unrestricted Model with Single Factor

The estimated functional coefficient of the unrestricted model with single
factor is given by

β̂ = π−1(⎧̂⎩β⎫⎭) = −0.0546v1,

which is obtained from the OLS estimate ⎧̂⎩β⎫⎭ = −0.0546 for the scalar coefficient
⎧⎩β⎫⎭ in the estimating regression with 68% and 90% bootstrap confidence bands
given, respectively, by [−0.1797,0.701] and [−0.2484,0.1530], and the first FPC
v1 computed earlier from the FPCA and presented in Figure 4. The estimated
functional coefficient is reported in Figure 11 with the confidence bands obtained
by bootstrapping the estimating regression.
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Figure 11. Estimated Beta Function from Unrestricted Single Factor Model

Notes: Estimated beta function for the unrestricted model based on the single factor model. Darker
and lighter bands signify 68% and 90% confidence bands, respectively.

The functional coefficient estimate β̂ shows how the density forecasts at differ-
ent levels are associated with the actual growth rates. Our estimated functional
coefficient β̂ reveals that actual growth rates are predicted higher when forecasts
are mild and pessimistic with values less than 3%, while they are predicted lower
with optimistic forecasts over 3%. Though not significant at both 68% (darker
bands) and 90% (lighter bands) bootstrap confidence levels, pessimistic forecasts
predict higher actual growth rates, which is more optimistic than what forecasts
suggest. We observe the opposite for optimistic forecasts.

We compute R2, which shows how much the mean and density forecasts jointly
explain actual (aggregate) growth rates. We find R2 = 0.4697. The estimate α̂ of
α is 0.9435 with 68% and 90% bootstrap confidence bands given, respectively,
by [0.6683,1.1948] and [0.4945,1.3608]. Note that they both include one, which
suggests the use of the point forecast with the unit weight. The estimate τ̂ of
constant τ is −0.1613 with 68% and 90% bootstrap confidence bands given,
respectively, by [−0.9733,0.7381] and [−1.5049,1.2593]. Finally, we may forecast
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Figure 12. Estimated Beta Function from Unrestricted Double Factor Model

Notes: Estimated beta function for the unrestricted model based on the double factor model. Darker
and lighter bands signify 68% and 90% confidence bands, respectively.

(yt) by the fitted value (ŷt) as given by (IV.2). This forecast from the unrestricted
single factor model, which we denote as (ŷ(1)t ), can be used as an alternative to
the point forecast mt . The bias of this alternate forecast (ŷ(1)t ) is essentially zero,
and the variance is 0.6347.

Estimated Unrestricted Model with Double Factors

The estimated functional coefficient of the unrestricted model with double
factors is given by

β̂ = π−1(⎧̂⎩β⎫⎭) = −0.1010v1−0.2050v2,

which is obtained from the OLS estimate ⎧̂⎩β⎫⎭ = (−0.1010,−0.2050)′ for the co-
efficient vector ⎧⎩β⎫⎭ in the estimating regression, and the first and second FPCs
v1 and v2 computed earlier from the FPCA and presented in Figure 4 and Fig-
ure 6, respectively. The estimated functional coefficient is reported in Figure 12
with the confidence bands obtained by bootstrapping the estimating regression.
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The 68% and 90% bootstrap confidence bands for the first component of ⎧⎩β⎫⎭
are [−0.2254,0.0271] and [−0.3060,0.0997], while those for the second compo-
nent are [−0.3335,−0.0736] and [−0.4163,0.0025]. Hence, the first component
of ⎧⎩β⎫⎭ is statistically insignificant, while the second component is significant,
albeit weak, at the 32% level.

Similar to the functional coefficient estimated with single factor, the func-
tional coefficient estimated with double factors also shows that lower forecasts
tend to raise the actual growth rates while the higher forecast values lower ac-
tual growth rates. The functional coefficient estimates based on the single and
double factors are largely the same, at least qualitatively. Like the estimated
functional coefficient with single factor, the estimated functional coefficient with
double factors is generally insignificant at the 90% (lighter bands) bootstrap con-
fidence level. However, at the 68% (darker bands) bootstrap confidence level, it
is significant when forecasts are around [−4%,1.5%] and [2.5%−3.5%].

We compute R2, which shows how much density forecasts help explain actual
growth rates beyond the point forecast error. We find R2 = 0.5234. The estimate α̂
of α is 1.1028 with 68% and 90% bootstrap confidence bands given, respectively,
by [0.8274,1.3755] and [0.6658,1.5206]. Both bands include α = 1 as do their
counterparts computed with the single factor model. The OLS estimate τ̂ of
the constant term τ is −0.6138 with 68% and 90% bootstrap confidence bands
given, respectively, by [−1.4787,0.2900] and [−1.9351,0.7399]. We also forecast
(yt) by the fitted value (ŷt) as given by (IV.2) in the unrestricted double factor
model, and denote it as (ŷ(2)t ). The bias and variance of the forecast (ŷ(2)t ) are,
respectively, zero and 0.5705.

3. Restricted Model

Instead of using the density forecast ( ft) jointly with the point forecast (mt)
to predict the growth rate (yt), we now explore the possibility of using the den-
sity forecast ( ft) only as a mean of adjusting the prediction of the growth rate
(yt) based solely on the point forecast (mt). For this purpose, we consider the
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restricted functional regression model specified as

yt = τ +mt +⟨β , ft⟩+εt , (IV.3)

with the restriction α = 1 imposed on (IV.1). Under this restriction, we investigate
whether the density forecast ( ft) provides any additional information useful to
adjust the prediction of the growth rate (yt) relying on the point forecast (mt).

The functional regression (IV.3) is rewritten as

(yt −y) = (mt −m)+⟨β ,( ft − f )⟩+εt ,

in the demeaned form as in (III.2) and fitted by the estimating regression

(yt −y) = (mt −m)+⎧⎩β⎫⎭
′⎧⎪⎩ ft − f⎫⎪⎭+εt ,

which was introduced (III.7).13)

Our restricted functional regression has effectively only one parameter, i.e.,
the functional coefficient β . The functional coefficient β can be estimated as
before, by running the corresponding estimating regression and get the OLS
estimate ⎧̃⎩β⎫⎭ of ⎧⎩β⎫⎭ and obtaining β̃ = π−1(⎧̃⎩β⎫⎭). Once the estimate β̃ for β is
obtained, we may compute the fitted values (ỹt) of (yt) as

ỹt = (y−m−⟨β̃ , f ⟩)+mt +⟨β̃ , ft⟩, (IV.4)

for each t = 1, . . . ,T .

To fix the estimating regression for the restricted model, we implement the
same LOOCV method used to fix the unrestricted model to choose the optimal
number of factors to approximate and represent the density forecasts as finite
dimensional vectors. For the restricted model, however, the LOOCV provides an
unambiguous solution. The MSEs of the LOOCV are minimized rather clearly
with the choice of K = 3. Our main results for the restricted model will therefore

13) As before, we use = in place of ≈ for simplicity to define the estimating regression here.
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Table 2. LOOCV−MSEs for Restricted Model

K 1 2 3 4
MSE 0.7155 0.7198 0.6850 4.114

Figure 13. LOOCV−MSEs for Restricted Model

all be based on the estimating regression with K = 3. The MSEs for the first four
choices of K are given in Table 2, and they are plotted in Figure 13. As in the case
of the unrestricted model, the MSE increases up to 45.6739 for K = 5 and explodes
for the values of K with K > 5. In particular, the choice of K exceeding K = 3 does
not seem to be a viable candidate. For the robustness checks, we therefore only
consider K = 1 and K = 2 and report the estimated models for these choices in
Appendix B.

With the choice of K = 3, the estimated functional coefficient is given by

β̃ = π−1(⎧̃⎩β⎫⎭) = −0.0711v1−0.1832v2+0.1852v3,

which is obtained from the OLS estimate ⎧̃⎩β⎫⎭ = (−0.0711,−0.1832,0.1852)′ for
the coefficient vector ⎧⎩β⎫⎭ in the estimating regression for the restricted model,
and the first, second and third FPCs, v1, v2 and v3, computed earlier from the
FPCA and presented in Figure 4, Figure 6, and Figure 8, respectively. The



31 BOK Working Paper No. 2024-10

Figure 14. Estimated Beta Function: Restricted Model

Notes: Beta function estimated from the restricted model with the first three FPCs (K = 3). Darker
and lighter bands signify 68% and 90% confidence bands, respectively.

estimated functional coefficient β̃ is reported in Figure 14 with the confidence
bands obtained by bootstrapping the estimating regression.

The 68% bootstrap confidence bands for the three components of ⎧⎩β⎫⎭ are
given, respectively, by [−0.1559,0.0065], [−0.2770,−0.0856] and [0.1089,0.2643],
while the 90% bootstrap confidence bands are given by [−0.2105,0.0565], [−0.3325,

−0.0227] and [0.0553,0.3176]. The second and third components of ⎧⎩β⎫⎭ are
therefore statistically significant at the 10% level.

The OLS estimate τ̃ of the constant term τ is −0.3145 with 68% and 90% con-
fidence bands given by [−0.4397,−0.1892] and [−0.5163,−0.1081], respectively.
We compute R2, which shows how much the density forecast helps explain the
actual growth rate additionally if we use the point forecast as a primary means
of predicting the growth rate. We find R2 = 0.1532.

The estimated functional coefficient β̃ in the restricted model shows how
density forecasts predict part of future GDP growth rates that is not predicted
by the point forecasts. We have meaningfully significant results, especially on the
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pessimistic forecast values. We see significant results at both the 68% and 90%
confidence levels for negative forecast errors. We also have significant results for
positive forecast errors, albeit weaker compared to the negative case. The implied
modification is to go higher than the point forecast mt when the forecasts are
negative, go lower than mt when the forecasts are positive, and take mt without
modification when it takes moderate values, from slightly below zero to slightly
less than 2%.

Finally, we may forecast (yt) by the fitted value (ỹt) as given by (IV.4). The
bias of this alternate forecast (ỹt) from the restricted model is also essentially
zero, but the variance of (ỹt) is 0.5493, which is smaller than that from the
unrestricted models.

4. Restricted Model with Mean Factor

To further investigate in which ways the density forecast improves the point
forecast, we re-estimate the restricted model in Section III using a different set
of factors, instead of the three leading FPCs of the density forecast ( ft). In
particular, we set the first factor of the density forecast ( ft) to be

um(r) = r.

Note that
⟨um, ft⟩ =∫ r ft(r)dr = µ( ft),

and we call um the mean factor. Then the second and third factors are defined as
two leading FPCs, say u1 and u2, from the centered density forecast ( fct) given
by

fct(r) = ft(r+µ( ft)),

for each t = 1, . . . ,T . Clearly, we have

∫ r fct(r)dr =∫ r ft(r+µ( ft))dr =∫ (r−µ( ft)) ft(r)dr = 0,
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for all t = 1, . . . ,T , from which it follows that

∫ ru1(r)dr =∫ ru2(r)dr = 0,

since u1 and u2 are given as linear combinations of ( fct− f c), where f c = (1/T)∑
T
t=1 fct .

Our results here are directly comparable to those in Section III, which rely on
the three FPCs, v1,v2 and v3, extracted from ( ft).

The new basis consisting of um,u1 and u2 is not as effective as the basis
obtained entirely from the leading FPCs v1, v2 and v3 in terms of representing
the temporal variations in the density forecast ( ft). However, we use the new
basis including the mean factor and re-estimate our restricted model, since we
want to learn how important a role the mean (µ( ft)) plays when ( ft) is used
to improve the point forecast for (yt). With the new basis, we may rewrite the
restricted model as

yt = τ +mt +βmµ( ft)+ ⟨βc, fct⟩+εt , (IV.5)

where ( fct) is the centered density forecast. This restricted model (IV.5) is esti-
mated by the regression

yt −y = (mt −m)+βm(µ( ft)−µ( f ))+⎧⎩βc⎫⎭
′⎧⎪⎩ fct − f c

⎫⎪⎭+εt ,

similarly as before, where µ( f ) = ∫ r f (r)dr. The LOOCV for the new restricted
model (IV.5) indeed selects two factors for ( fct), so that the forecast using this
model is directly comparable with that based on the original restricted model
(IV.3) with the three FPCs of ( ft) as discussed above. The LOOCV results are
presented in Table 6 and Figure C.6.

The OLS estimate β̃m for the coefficient βm of µ( ft) is −0.3326 with the 68%
and 90% bootstrap confidence bands given, respectively, by [−0.4209,−0.2690]
and [−0.4437,−0.2234]. This shows that the effect of the mean of the density
forecasts on actual growth rates is statistically significant. In particular, it con-
tributes negatively to actual growth rates, implying that the mean of the density
forecast may be used to adjust the existing overacting pattern in the point fore-
casts.
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The estimated functional coefficient β̃c for the centered density forecast with
double factors is given by

β̃c = π−1(⎧̃⎩βc⎫⎭) = −0.5757u1−0.8997u2,

which is obtained from the OLS estimate ⎧̃⎩βc⎫⎭ = (−0.5757,0.8997)′ for the coef-
ficient vector ⎧⎩βc⎫⎭ in the estimating regression, and the first and second FPCs,
u1 and u2, of the centered density forecasts are presented in Figure C.8 and
Figure C.10, respectively. The estimated functional coefficient for the centered
density forecast is reported in Figure 15 with the confidence bands obtained by
bootstrapping the estimating regression. The 68% and 90% bootstrap confidence
bands for the first component of ⎧⎩βc⎫⎭ are [−0.7178,−0.4194] and [−0.8103,−0.3314],
while those for the second component are [−1.4649,−0.3395] and [−1.8224,0.0754].
Hence, both the first and second components of ⎧⎩βc⎫⎭ are statistically significant.

Figure 15. Estimated Beta Function for Centered Density Forecast

Notes: Beta function for the centered density forecast ( fct) estimated from the restricted model
(IV.5). The centered density forecast ( fct) is approximated using the two leading FPCs. Darker and
lighter bands signify the 68% and 90% confidence bands, respectively.

The functional coefficient βc for the centered density forecast estimated with
double factors shows that larger frequencies of the centered density forecasts
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around zero tend to lower the actual growth rates, while larger frequencies of the
centered density forecasts over large positive values increase actual growth rates.
This is in contrast to the estimate for the functional coefficient β of the original
density forecast presented in Section III. Note that βc measures the effect of the
centered density forecasts on actual growth rates, net of the effects of the point
forecast and its adjustment given by the mean of the density forecasts. How-
ever, for larger values of the centered density forecasts, either around or below
-0.75% or above 1.5%, the centered density forecasts make similar adjustments,
albeit smaller in magnitude, which is to push up/down when forecasts are large
negative/positive numbers, as do the original density forecasts in the restricted
model shown in Figure 14.

We find R2 = 0.4396, much higher than its counterpart 0.1532 from the re-
stricted model estimated with three leading FPCs in the original density forecast
reported in Table 3. The OLS estimate τ̃ of the constant term τ is 1.4643 with the
68% and 90% bootstrap confidence bands given, respectively, by [1.1417,1,8258]
and [0.8797,2.0489]. Finally, we forecast (yt) by the fitted value (ỹt) as given
by (IV.5) in this restricted double factor model, and denote it as (ỹ∗(2)t ). The
bias of the forecast is essentially zero. As can be seen from Table 4 below, the
variance of (ỹ∗(2)t ) is 0.3635 which is smaller than that of the forecast (ỹ(3)t ),
from the restricted model with the three factors of the original density forecasts
presented in Section III.

5. Forecasts Comparison

We compare the performance of the forecasts obtained from the unrestricted
and restricted models with differing numbers of factors used to approximate
and represent the models by the corresponding models with finite dimensional
vectors. For comparison, we consider the predictor given by the point forecast
(mt) and the predictor given by the mean (µ( ft)) of the density forecast ( ft), as
well as the predictors (ỹ(K)t ) and (ŷ(K)t ) given by the restricted and unrestricted
models estimated with the K-number of factors for various choices of K. The
biases and variances of the predictors considered in the paper are provided in
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Table 3. Forecast Performance Comparisons

mt µ( ft) ỹ(3)t ỹ(2)t ỹ(1)t ŷ(1)t ŷ(2)t

Bias 0.3253 0.1027 -0.0000 -0.0000 -0.0000 0.0000 0.0000
Variance 0.6487 1.4388 0.5493 0.5748 0.6363 0.6347 0.5704
MSE 0.7546 1.4493 0.5493 0.5749 0.6363 0.6347 0.5704
R2
∗ 0.4657 0.1371 0.5410 0.5197 0.4684 0.4697 0.5234

Notes: Here, ŷ(K) and ỹ(K) denote the predictors given by the unrestricted and restricted models,
respectively, with K factors. They are compared with the point forecast (mt) and the mean of the
density forecast µ( ft). Finally, R2

∗ is defined in (IV.6) to compare the proportion of (yt) explained by
its predictor given by each model.

Table 3. We use the predictor given by the point forecast (mt) as the benchmark
for comparison. The point forecast has non-negligible positive bias as a predictor
of the growth rate, which implies that it tends to over-predict the growth rate.

The mean (µ( ft)) of the density forecast ( ft) is not a good predictor for the
growth rate (yt). The prediction of the growth rate by the mean of the density
forecast yields both bias and variance which are substantially larger than the
point forecast (mt). The MSE of the prediction of the growth rate by the mean
of the density forecast is about 10 times larger than that by the point forecast.
It is clear that using the mean of the density forecast alone to predict the growth
rate is not a viable option.

Both the predictors (ỹ(K)t ) and (ŷ(K)t ) given by the restricted and unrestricted
models estimated with the K-number of factors perform best when the value of
K is chosen by the LOOCV. As shown earlier, the LOOCV chooses K = 3 and
K = 1 for the restricted and unrestricted models, respectively, and the predictors
defined from the restricted and unrestricted models with these values of K’s, i.e.,
(ỹ(3)t ) and (ŷ(1)t ), yield the smallest MSEs. Of the two predictors, (ỹ(3)t ) and
(ŷ(1)t ), the former has a smaller MSE than the latter and seems to be generally
preferred to the latter. The predictor (ỹ(3)t ) from the restricted model clearly
outperforms that from the unrestricted model (ŷ(1)t ) in terms of both bias and
variance.

We compare the forecast performance of the predictors constructed from the
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Table 4. Forecast Performance Comparisons with Mean Factor

ỹ(3)t ỹ∗(0)t ỹ∗(2)t ỹ∗(1)t ỹc(4)
t ỹc(3)

t ỹc(2)
t ỹc(1)

t

Bias 0.0000 0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000 0.0000
Variance 0.5493 0.5730 0.3635 0.3933 0.4367 0.4751 0.4784 0.5181
MSE 0.5493 0.5730 0.3635 0.3933 0.4367 0.4751 0.4784 0.5181
R2
∗ 0.5410 0.5212 0.6963 0.6714 0.6352 0.6031 0.6003 0.5671

Notes: The predictor ỹ∗(0)t is obtained from the restricted model with only the density forecast mean,
µ( ft). The predictor ỹ∗(K) denotes the predictors given by the restricted models with the density
forecast mean µ( ft) and the centered density forecast ( fct) approximated with K factors. ỹc(K)

denotes the predictors from the restricted models only with the centered density forecast. They are
compared with the predictor ỹ(3)t in the second column which is obtained from the restricted model
with the original uncentered density forecast ( ft) with the optimal choice of K = 3. Finally, R2

∗ is
defined in (IV.6) to compare the proportion of (yt) explained by its predictor given by each model.

restricted model in Table 4. To see what role the mean of the density forecast
µ( ft) plays, we compare the predictors obtained with both the mean of the
density forecast µ( ft) and the centered density forecast ( fct) with those obtained
with only the centered density forecast. We first compare the following predictors:
ỹ∗(K)t from the restricted models with the density forecast mean and the centered
density forecast approximated with the optimal number of factors K = 2 chosen
by the LOOCV for this model, and ỹ∗(K)t from the restricted models only with
the centered density forecast approximated with the optimal number of factors
K = 4 chosen by the LOOCV for this model.14) We compare them relative to the
best predictor ỹ(3)t obtained from the restricted model with the original density
forecast ( ft) with the optimal number of factors K = 3.

As shown in Table 4, both predictors, ỹ∗(K)t and ỹc(K)
t , outperform the bench-

mark predictor ỹ(3)t . However, the predictor ỹ∗(K)t adjusted with both the mean of
the density forecast and the centered density forecast performs better than ỹc(K)

t

adjusted with only the centered density forecast. This implies that the mean
of the density forecast is an important feature of the density which improves
the forecasting performance. However, the predictor ỹ∗(0)t constructed only with
the mean of the density forecast performs worse than the benchmark ỹ(3)t , indi-

14) We also consider K = 1 for both ỹ∗(1)t and ỹc(1) for robustness checks.
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cating that the mean of the density improves the forecasting performance only
when it is presented with other characteristics of the density forecast captured
in the centered density forecast. The significant out-performance of ỹ∗(K)t over
ỹ(3)t indicates that the mean of the density forecast µ( ft) may contribute more
if it is considered separately from all other features of the density forecast. Here
we assume that µ( ft) contributes linearly, however, in our future work, we may
explore modelling µ( ft) nonparametrically to further improve the contribution
from the mean.

To compare the proportion of the Korean GDP growth rate (yt) explained by
its predictor given by each of our forecasting models, we define

R2
∗ = 1− RSS

T SS
with T SS =

T

∑
t=1
(yt − ȳ)2. (IV.6)

Note that R2
∗ is different from the standard R2, since it relies on the common TSS

for the target variable (yt), instead of the actual regressand used in each regres-
sion, across all our models. For all our models with the restriction α = 1 imposed,
R2
∗ therefore differs from the conventional R2. We find that the restriction α = 1

costs very little predictive power, as shown in Table 3. The R2
∗ of the unrestricted

model with one factor optimally chosen for the original density forecasts ( ft) is
46.97% which is less than 0.1% higher than the R2

∗ of the restricted model, also
with one factor. In contrast, the restricted model with optimally chosen three
factors of ( ft) has a substantially higher R2

∗, 54.1%, which is around 8% higher
than the R2

∗ of the model with only the point forecast.

More interestingly, we observe clear evidence from Table 4 that the restricted
model with both the density forecast mean µ( ft) and the centered density fore-
cast ( fct) has the best predictive power with the highest values of R2

∗ compared to
all models we consider: the restricted model with original density forecasts ( ft),
the restricted model with ( fct) only without µ( ft), and the restricted model with
µ( ft) only without density forecasts. Specifically, the R2

∗ for the restricted model
with both µ( ft) and the optimally chosen two factors of ( fct) is 69.63%, which
is substantially higher, by more than 15%, than the R2

∗ of the restricted model
with optimally chosen three factors of the original density forecasts ( ft), and is
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over 6% higher than the R2
∗ of the restricted model with optimally chosen four

factors of centered density forecasts ( fct) only, and is over 17% higher than the
R2
∗ of the restricted model with µ( ft) only.

6. Discussion: Aligning Density Forecasts with Point Forecasts

The density forecasts and the point forecasts of GDP growth rates are usually
prepared by distinctive working groups, using not entirely overlapping sets of
information, and therefore we often need to align the former with the latter.
How best to do this depends on in what contexts we use the density forecasts
of GDP growth rates in relations with the point forecasts of the GDP growth
rates. We consider two different contexts explicitly: one context where we want
to use the density forecasts as forecasts of the distributions of GDP growth rates
under the presumption that the means of GDP growth rates are given by the
point forecasts, and the other context where we want to use the density forecasts
as forecasts of the distributions of GDP growth rates under the presumption
that the values of GDP growth rates are given by the point forecasts. The two
contexts are not conflicting with each other and any one of these contexts may
be considered to be more appropriate than the other at any stage in the process
of preparing and publishing the forecasts of GDP growth rates.

Suppose we have point forecasts (mt) and density forecasts ( ft). In the first
context, we may use the information that the means of ( ft) are given by (mt) and
re-estimate ( ft) under this restriction to align them with (mt). Note in general
that mt ≠ µ( ft) for all t = 1, . . . ,T , where as before (µ( ft)) signifies the means of
( ft). Following to Lee (2020), the density forecasts ( ft) are produced as skew-
t densities with four parameters, including mean and three other parameters,
which most closely fit their forecasts of GDP growth rates at 5th, 25th, 75th
and 95th-percentiles. It is possible to simply shift ( ft) to align their means with
(mt).15) This, however, implies that we just use a different value for the mean

15) This can be done simply by revising ( ft) as f ∗t (r) = ft(r−(mt −µ( ft))), so that we have

∫ r f ∗(r)dr = ∫ r ft(r−(mt −µ( ft)))dr = ∫ (r+(mt −µ( ft))) ft(r)dr =mt ,
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parameter while leaving the values of the other three parameters unchanged,
which may cause the estimated tail probabilities to become too large or too
small. Obviously, we would have better density forecasts ( f ∗t ) with their means
at (mt) if we use the original quantile values again and search over skew-t densities
only with the other three parameters, with the mean parameter fixed at (mt), to
find density forecasts ( f ∗t ) yielding the best fits to skew-t densities.

In the second context, it is required to re-estimate ( ft) under the assump-
tion that (yt) are realized at (mt) for all t = 1, . . . ,T . This assumption is totally
unrealistic and it never holds unless ( ft) are re-estimated ex-post after (yt) are
realized. However, we may make the assumption to do a counter-factual analysis,
and find the answer to a question such as, “What is the corresponding GaR if the
GDP growth rate is given at 2% as expected by the point forecast?”which could
be very useful for policy makers. Once (yt) are assumed to be realized at (mt),
it is reasonable to restrict the modes of ( ft) to be (mt) following the maximum
likelihood principle, when we re-estimate ( ft) in alignment with (mt). It is more
difficult to impose the mode restriction, compared with the mean restriction,
when we re-estimate ( ft) as skew-t densities by fitting the quantile forecasts of
GDP growth rates. This is because the mode of skew-t distribution is not given
explicitly as a function of its parameters in any closed form. Still, it may be
helpful to use a recent result by Alruwaili (2023) to restrict the mode effectively
when ( ft) are re-estimated by any numerical procedure.

Aligning density forecasts with point forecasts may be needed at various
stages of preparing and publishing their final versions. Once the initial point
forecasts and density forecasts are prepared, we may use density forecasts to
improve point forecasts in the way suggested in the paper. Then newly adjusted
point forecasts are produced, and the original density forecasts may be updated
so that their means are aligned with the adjusted point forecasts. Of course, the
new point forecasts may well be further revised later for some reason and, in this
case, we may also update density forecasts again accordingly using the approach
proposed here.

for all t = 1, . . . ,T as required.
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V. Conclusion

In this paper, we study how best to use density forecasts together with the
conventional point forecasts to design a better performing growth rate forecast.
Despite the very short sample with only 35 quarterly observations, we find clear
evidence that density forecasts improve point forecasts as long as they are ef-
fectively approximated and represented as finite dimensional vectors by appro-
priately chosen functional bases. However, our results suggest that we may use
density forecasts passively only to adjust point forecasts for their fine-tuning,
not more aggressively to use them as a component of new forecasts defined
as weighted averages with point forecasts. Indeed, combining them with point
forecasts to define weighted mean forecasts does not improve point forecasts
themselves in any significant manner.

To understand the source of the improved forecasting performance of adjusted
point forecasts provided by density forecasts, we disentangle the effects of the
mean and other aspects of density forecasts using the functional basis designating
the mean factor as the leading factor. We find that the mean factor capturing the
temporal changes in the mean of density forecasts is a significant performance
boosting factor. The mean factor and two other orthogonal factors explaining
over 98% of all other aspects of the density forecasts most dramatically improve
the forecasting performance of the point forecast for the future Korean GDP
growth rates. The mean squared error of point forecasts decreases more than
33%, if they are adjusted by density forecasts approximated and represented
with this functional basis, including the mean factor. It seems clear that the
mean of density forecasts includes important information on the future mean of
the Korean GDP growth rate.

The BOK internally examines density forecasts, as well as the conventional
point forecasts used in our study, and we take them as given in the paper. Given
that measuring Growth-at-Risk becomes more important, it seems worthwhile
trying to provide better density forecasts that are well aligned with point fore-
casts. We see some obvious possibilities to improve the current density forecasts
used at the BOK in two different directions: more extensive use of data and
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machine learning. For the former possibility, we should exploit a wider range of
high-frequency real-time financial data affecting Growth-at-Risk in Korea. For
the latter, we may use a machine learning methodology, such as a random forest
to fit a nonparametric quantile regression, to obtain more precise quantile values
conditional on a large set of covariates relevant to Growth-at-Risk in Korea. It
would also be much preferred if density forecasts are developed along with point
forecasts.
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Appendix

A. Constructing Real GDP Gap and Financial Condition In-

dex

There are noteworthy comments on the construction of the real GDP gap and

financial condition index (FCI) used in the estimation of a quantile regression.

First, for our quantile regression, a stationary measure of economic growth is

crucial to capture the relationship between current economic and financial con-

ditions and future economic performance. For this purpose, we use the real GDP

gap instead of the GDP growth rate due to the downward trend observed in the

Korean GDP growth rates since the early 2000s, as depicted in Figure A.1. To

address this issue, we adopt the regression-based filter proposed by Hamilton

(2018) and define the GDP gap as a fitted residual in the autoregressive model

for log GDP in equation (A.1). By using the Hamilton filter we obtain a station-

ary GDP gap series and mitigate a potential concern that filtered values for the

COVID pandemic period obtained from biased trend estimates.16) Additionally,

it allows us to easily obtain conditional quantiles of GDP growth by transforming

the GDP gap into the level of GDP.

More specifically, the Hamilton filter is based on an autoregressive forecast-

ing model and decomposes a non-stationary time series into trend and cyclical

16) Hamilton (2018) cautions the use of an HP filter as it may generate spurious dynamics that do
not exist in the underlying data-generating process. Moreover, an HP filter may provide the
dynamics at the ends of the sample that are significantly different from those in the middle of
the sample as fewer observations are available toward both ends of the sample. Jönsson (2020)
shows that Hamilton’s regression-based filter is more robust to real-time revisions of U.S. GDP
gap estimations than the HP filter.
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Figure A.1. Estimated Cyclical Component of GDP Growth
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components by regressing yt+h on a constant, current value of yt , and its lagged

values.

yt+h = α +β1yt +β2yt−1+⋯+βpyt−(p−1)+εt+h,

where yt+h is the value of h-quarter-ahead real GDP. We consider p = 2 following

the practical density forecast exercises at the Bank of Korea.17) Trend and cyclical

components at time t +h are, respectively, given as

ŷt+h = α̂ + β̂1yt + β̂2yt−1+⋯+ β̂pyt−(p−1) (A.1)

ĉt+h = yt+h− ŷt+h.

Second, we construct the Financial Conditions Index (FCI) based on various

17) As a selection of the smoothing parameter in the HP filter is ad-hoc and data frequency
dependent, a selection of p in the Hamilton filter is dependent on the forecasting horizon(h).
In quarterly frequency, Hamilton (2018) recommends h = 8 and p = 4 for investigating business
cycles. Proportionally to Hamilton’s illustration, in this work, we choose p = 2 as we consider
h = 1,⋯,4. We obtain quantitatively robust real GDP gap estimates when p = 1 or p = 3.
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financial variables to capture financial market conditions as one of the explana-

tory variables used in the estimation of equation (II.1). Previous studies point

out that financial sector shocks, such as increased uncertainty and credit con-

straints, can lead to real economic contractions. Ludvigson et al. (2021) and

Caldara et al. (2016), respectively, analyze how financial market uncertainty and

financial conditions, such as credit spread widening, can amplify fluctuations in

the real economy. Adrian et al. (2019) argue that the information embedded in

current financial conditions can be helpful in measuring downside risk to future

GDP growth, and in line with this, obtain density function conditioning on both

real GDP growth and the National Financial Conditions Index (NFCI) computed

by the Federal Reserve Bank of Chicago.

Table 5. Variables for Constructing Financial Conditions Index
Financial Variable Description Period
KOSPI Growth Rate Quarterly growth rate of monthly averaged KOSPI index 1991Q2-2022Q4
KOSPI Volatility Quarterly standard deviation of daily KOSPI index return 1991Q2-2022Q4
NEER Growth Rate Quarterly growth rate of monthly averaged exchange rate 1991Q2-2022Q4
NEER Volatility Quarterly standard deviation of daily exchange rate return 1991Q2-2022Q4
Term Spread Government 3Y bond yield- 3M CD yield 1995Q2-2022Q4
Credit Spread 3Y Corporate bond (AA-) - 3Y Government bond 1995Q2-2022Q4
Change in 1Y Treasury Bills Change relative to the previous quarter (level difference) 1991Q2-2022Q4
% Change in Total Bank Loans Change relative to the previous quarter (percentage change) 1991Q2-2022Q4

To construct the Financial Conditions Index (FCI),we use a principal compo-

nent analysis with eight financial variables shown in Table 5 following previous

studies (Park et al., 2011;Kwark and Lee, 2021). The data set used for construct-

ing the FCI is from 1991:Q2 to 2022:Q4 except for some variables available from

1995:Q2.18) Specifically, we obtain a purged Financial Conditions Index (FCI) by

excluding information reflecting past and current real economic conditions and

focusing on exogenous changes in financial markets. To this end, we first regress

18) We use the EM algorithm for interpolation for financial variables that are not available at the
beginning of the sample period.



48Using Density Forecast to Improve Mean Forecast of GDP Growth in Korea

Figure A.2. Financial Conditions Index and Real GDP Cycle
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each financial variable in Table 5 on a lagged coincident composite index and

consumer price inflation rate as19)

xit = αi+
2

∑
j=1

βi j∆ lnCOINt− j +
2

∑
j=1

γi j∆ lnCPIt− j +εit , (A.2)

where xit for i = 1, . . . ,8 denotes variables used for constructing the FCI, COIN

indicates the quarterly average of the monthly coincident composite index, and

CPI is the consumer price index. We standardize the fitted residuals obtained

from equation (A.2), take the first principal component among them, and use

it as the FCI for our subsequent analysis.20) Figure A.2 presents the real GDP

19) The coincident composite index is a composite estimate of current economic conditions, re-
flecting, among many, industrial output, employment, and business revenue. The coincident
composite index and consumer price index are obtained from the Bank of Korea Economic
Statistics System (ECOS).

20) The Chicago Fed provides an adjusted national financial condition index (ANFCI) by purging
the impact of real economic variables from financial variables and then estimating the dynamic
factor model with purged financial variables. As an alternative approach for extracting purged
FCI, we estimate a dynamic factor model that includes real variables as exogenous variables.
We observe that the purged FCIs estimated from our principal component analysis and the
Chicago Fed’s dynamic factor model are very similar.
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growth cycle and the estimated FCI. We observe that extremely negative GDP

growths tend to coincide with extremely positive outcomes of the FCI signifying

tightening financial conditions. The three downward peaks that stand out in the

plot of the growth cycle correspond to the 1997-1998 East Asian financial crisis,

the 2007-2008 global financial crisis, and the 2020-2021 COVID-19 pandemic,

respectively.

B. Restricted Models with Single and Double Factors

1. Estimated Restricted Model with Single Factor

The estimated functional coefficient of the restricted model with a single

factor is given by

β̃ = π−1(⎧̃⎩β⎫⎭) = −0.0546v1,

which is obtained from the OLS estimate ⎧̃⎩β⎫⎭ = −0.0546 for the scalar coefficient
⎧⎩β⎫⎭ in the estimating regression with 68% and 90% bootstrap confidence bands

given, respectively, by [−0.1797,0.701] and [−0.2484,0.1530], and the first FPC

v1 computed earlier from the FPCA and presented in Figure 4. The estimated

functional coefficient is reported in Figure B.3 with the confidence bands ob-

tained by bootstrapping the estimating regression. The beta function estimate

β̃ from the restricted single factor model is only slightly different from its coun-

terpart β̂ from the unrestricted single factor model presented in Figure 11. The

restriction α = 1 therefore does not affect the shape of the beta function estimate

in this model.

As we discussed earlier, the estimated functional coefficient β̃ in the restricted

model shows how density forecasts predict part of future GDP growth rates
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Figure B.3. Estimated Beta Function from Restricted Single Factor Model

Notes: Estimated beta function for the restricted model based on the single factor model. The darker
and lighter bands signify the 68% and 90% confidence bands, respectively.

that is not predicted by the point forecasts. Our estimated functional coefficient

β̃ reveals that lower forecasts tend to predict higher actual growth rates while

higher forecasts predict lower actual growth rates. Though not significant at both

the 68% (darker bands) and 90% (lighter bands)bootstrap confidence levels, more

pessimistic forecast values lead to higher growth rates, and vice versa for more

optimistic values.

We compute R2, which shows how much mean and density forecasts jointly

explain actual (aggregate) growth rates. We find R2 = 0.0191. The estimate τ̃ of

constant τ is −0.3248 with 68% and 90% bootstrap confidence bands given, re-

spectively, by [−0.4603,−0.1907] and [−0.5342,−0.1071]. We may forecast (yt) by

the fitted value (ỹt) as given by (IV.4) in this restricted single factor model, and

denote it as (ỹ(1)t ). The bias of this forecast (ỹ(1)t ) from the restricted model with

only one factor is also essentially zero, but the variance increases substantially
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Figure B.4. Estimated Beta Function from Restricted Double Factor Model

Notes: Estimated beta function for the restricted model based on the double factor model. The darker
and lighter bands signify the 68% and 90% confidence bands, respectively.

to 0.6363.

2. Estimated Restricted Model with Double Factors

The estimated functional coefficient of the restricted model with double fac-

tors is given by

β̃ = π−1(⎧̃⎩β⎫⎭) = −0.0711v1−0.1832v2,

which is obtained from the OLS estimate ⎧̃⎩β⎫⎭ = (−0.0711,−0.1832)′ for the co-

efficient vector ⎧⎩β⎫⎭ in the estimating regression, and the first and second FPCs

v1 and v2 computed earlier from the FPCA and presented in Figure 4 and Fig-

ure 6, respectively. The estimated functional coefficient is reported in Figure B.4

with the confidence bands obtained by bootstrapping the estimating regression.

The 68% and 90% bootstrap confidence bands for the first component of ⎧⎩β⎫⎭ are
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[−0.1587,0.0079] and [−0.2237,0.0630], while those for the second component are

[−0.2931,−0.0808] and [−0.3610,0.0107]. Hence, the first component of ⎧⎩β⎫⎭ is

statistically insignificant, while the second component is significant, albeit weak,

at the 32% level. The beta function estimate β̃ from this restricted double factor

model is also almost identical to its counterpart β̂ from the unrestricted double

factor model presented in Figure 12, implying that the restriction α = 1 does not

affect the shape of the beta function estimate either in this double factor model.

Similar to the functional coefficient estimated with a single factor, the func-

tional coefficient estimated with double factors also shows that pessimistic fore-

casts tend to predict higher actual growth rates while optimistic forecasts predict

lower actual growth rates. The functional coefficient estimates based on the single

and double factors are largely the same, at least qualitatively.

We compute R2, which shows how much the density forecast helps explain ac-

tual growth rates beyond the point forecast error. We find R2 = 0.1139. The OLS

estimate τ̃ of the constant term τ is −0.3168 with the 68% and 90% bootstrap con-

fidence bands given, respectively, by [−0.4451,−0.1864] and [−0.5247,−0.1051].

Finally we forecast (yt) by the fitted value (ỹt) as given by (IV.4) in this re-

stricted double factor model, and denote it as (ỹ(2)t ). The bias of this forecast

(ỹ(2)t ) is −5.0753e-17. The bias of this forecast (ỹ(2)t ) from the restricted model

with two factors is also zero, but as expected the variance of (ỹ(2)t ) is 0.5748

which is smaller than that of the forecast (ỹ(2)t ) from the restricted model with

only one factor. The variance of (ỹ(2)t ) is still larger than that of the restricted

model with three factors, the optimal number of factors reported in Section III.
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C. Additional Results for Restricted Model with Mean Factor

This section presents some details of our analysis with the restricted model

(IV.5) in Section IV with two components of the density forecast: the mean

capturing the level information and the centered density capturing all other

aspects of the density forecast beyond the mean.

1. Additional Table and Figures

Figure C.5. Time Series of Centered Density Forecasts

Notes: The left panel shows the quarterly time series of the centered density forecasts. The right
panel shows the same densities demeaned over time.

Figure C.5 presents the time series of centered density forecasts, both original

and demeaned over time. Figure C.7 presents the scree plot and Figure C.8 to

Figure C.15 present the first four FPCs and their loadings from the functional

principal component analysis on the time series of the demeaned centered den-

sity forecasts. The four leading FPCs are presented in Figures C.8, C.10, C.12

and C.14 and their loadings in Figures C.9, C.11, C.13 and C.15.
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Table 6. LOOCV−MSEs for Restricted Model with Mean Density Forecast and
Centered Density Forecast

K 1 2 3 4
MSE 0.4674 0.4656 0.4913 0.5095

Notes: Reported are the mean-squared-errors (MSEs) from estimating the restricted regression with
the mean of the density forecast µ( ft) and centered density forecast ( ft − µ( ft)) in (IV.5) with
different choices of K.

Figure C.6. LOOCV−MSEs for Restricted Model with Mean Density Forecast
and Centered Density Forecast

Notes: Plotted are the mean-squared-errors (MSEs) from estimating the restricted regression with the
mean of the density forecast µ( ft) and the centered density forecast ( fct) in (IV.5) with different
choices of K.

2. Restricted Model with Centered Density Forecast Only

If we only include the centered density forecasts ( fct) without the mean of

density forecasts (µ( ft)), the restricted model with the centered density forecasts

presented in IV.5 is reduced to

yt = τ +mt +⟨βc, fct⟩+εt , (C.1)
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Figure C.7. FPCA for Centered Density Forecast − Scree Plot

Figure C.8. FPCA for Centered Density Forecast − FPC1
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Figure C.9. FPCA for Centered Density Forecast − FPC1 Loading

Figure C.10. FPCA for Centered Density Forecast − FPC2
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Figure C.11. FPCA for Centered Density Forecast − FPC2 Loading

Figure C.12. FPCA for Centered Density Forecast − FPC3
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Figure C.13. FPCA for Centered Density Forecast − FPC3 Loading

Figure C.14. FPCA for Centered Density Forecast − FPC4
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Figure C.15. FPCA for Centered Density Forecast − FPC4 Loading

which can be estimated by the regression

yt −y = (mt −m)+⎧⎩βc⎫⎭
′⎧⎪⎩ fct − f c

⎫⎪⎭+εt ,

similarly as before. As discussed earlier, this model amounts to centering the

density forecasts at the point forecast. The LOOCV chooses the optimal number

of factors, K = 4, for this restricted model with only centered density forecasts.

The LOOCV results for this model are reported in Table 7 and Figure C.16.

With the four leading FPCs, the estimated functional coefficient is given by

β̃c = π−1(⎧̃⎩βc⎫⎭) = −0.4843u1−1.0350u2+0.5755u3+5.0416u4,

which is obtained from the OLS estimate ⎧̃⎩βc⎫⎭=(−0.4843,−1.0350,0.5755,5.0416)′

for the coefficient vector ⎧⎩βc⎫⎭ in the estimating regression for this restricted

model, where u1, . . . ,u4 denote the first four FPCs of the demeaned centered den-

sity forecasts. The estimated functional coefficient β̃c is reported in Figure C.17

with the confidence bands obtained by bootstrapping the estimating regression.
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Table 7. LOOCV−MSEs for Restricted Model with Centered Density Forecast
without Mean of Density Forecast

K 1 2 3 4 5 6 7
MSE 0.5958 0.6172 0.6490 0.5948 0.7030 1.0010 1.3527

Notes: Reported are the mean-squared-errors (MSEs) from estimating the restricted regression (C.1)
with the centered density forecast ( fct), without the mean of the density forecast µ( ft), computed
with different choices of K.

We find R2 = 0.3296 for this restricted model. Though it is also much larger

than R2 = 0.1532 from the restricted model with the original density forecasts,

it is substantially smaller than R2 = 0.4396 from the restricted model with both

the centered density forecasts and as the mean of the density forecasts. The OLS

estimate τ̃ of the constant term τ is −0.2838 with the 68% and 90% bootstrap con-

fidence bands given, respectively, by [−0.3947,−0.1646] and [−0.4586,−0.0956].

Finally, we forecast (yt) by the fitted value (ỹt) from this restricted model with

the four factors of the centered density forecasts, and denote it as (ỹc(4)
t ). The

bias of this forecast (ỹc(4)
t ) is essentially zero as for the forecast (ỹ∗(2)t ) from the

restricted model with the centered density forecasts with the mean of the density

forecasts reported in Table 4. However, the variance of (ỹc(4)
t ) is 0.4367 which is

substantially larger than that of (ỹ∗(2)t ), which is also reported in Table 4.
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Figure C.16. LOOCV−MSEs for Restricted Model With Centered Density
Forecast without Mean of Density Forecast

Notes: Plotted are the mean-squared-errors (MSEs) from estimating the restricted regression (C.1)
with the centered density forecast ( fct), without the mean of the density forecast µ( ft), computed
with different choices of K.

Figure C.17. Estimated Beta Function for Centered Density Forecast Without
Mean of Density Forecast

Notes: Presented is the beta function for the centered density forecast ( fct) estimated from the

restricted regression in (C.1) without the mean (µ( ft)) of the density forecasts. The centered density

forecast is approximated using the optimal number (K = 4) of FPCs chosen for this restricted model.

The darker and lighter bands signify the 68% and 90% confidence bands, respectively.
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