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Testing Spatial Interactions with Origin-side

Heterogeneity

This paper proposes a Lagrange Multiplier (LM) test for spatial interactions in
the presence of origin-side heterogeneous effects. We consider a spatial panel data
model that allows interaction strengths to vary across units, capturing heterogene-
ity in how units transmit influence through a given spatial structure. Based on this
specification, we test the null hypothesis of homogeneous spatial interactions. The
proposed test follows an asymptotic chi-square distribution with m degrees of free-
dom, where m denotes the number of units allowed to exhibit heterogeneity, and its
asymptotic power is derived under local alternatives. Monte Carlo simulations show
that the proposed test exhibits good finite sample performance. Finally, we apply the
proposed test to an empirical example of international knowledge spillovers through
trade, highlighting the heterogeneous roles played by technological leaders across
countries.

Keywords: Spatial panels, Origin-side Heterogeneity, LM test, Quasi-maximum

likelihood

JEL Classification: C12, C33
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I. Introduction

Spatial econometric models provide a parsimonious [ramework for represent-
ing dependence structures in networks (LeSage and Pace, 2009). In standard spatial
models, the spatial weights matrix W,,—typically constructed from geographical dis-
tance or other measures of proximity—is treated as given, and more importantly,
spatial spillover or network effects are assumed to be homogeneous across units.
This modeling strategy has been widely adopted in panel data settings, including
the standard spatial autoregressive (SAR) specification, and underpins much of the
existing econometric theory and applied work in the literature (e.g., Elhorst, 2003;
Kapoor et al., 2007; Yu et al., 2008; Lee and Yu, 2010; Elhorst, 2014).

Despite its empirical success, the assumption of homogeneous effects may be
restrictive in economic networks. Even conditional on a given W, the actual influ-
ence transmitted through the structure need not be uniform across units; some units
may exert a disproportionately strong impact, while others with similar structural
positions may play a much more limited role. From this perspective, heterogeneity
may arise not only from the structure of the network itself, but also from differ-
ences in how strongly or weakly a small subset of units transmit interactions through
the network. Such origin-side heterogeneity is not captured by conventional spatial
models, which impose a homogeneous interaction strength across units.

Such heterogeneity may arise in various settings. In international knowledge
spillovers, for example, spatial weights are often constructed using bilateral trade
flows, reflecting the idea that knowledge is transmitted through trade. However,
even countries with small trade volumes with the United States may be strongly af-
fected by technological leaders, suggesting that a small number of influential origins
can exert disproportionately large effects beyond what is implied by observed trade
links. This reflects differences in the ability to generate and transmit knowledge,
which cannot be captured solely by network structure. Similar patterns may arise
in financial networks or housing markets, where a limited set of key units shapes
aggregate outcomes beyond what is implied by proximity.

From an econometric perspective, the presence of origin-side heterogeneous
effects raises the question of whether the commonly imposed homogeneity assump-

tion in spatial econometrics is empirically supported. Before adopting more flexible
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specifications, it is therefore natural to assess whether the homogeneous structure
provides an adequate approximation to the data. Motivated by this consideration,
we introduce a parameterization of the spatial autoregressive term that allows for
origin-side deviations from the homogeneous interaction term and develop a La-
grange Multiplier test for assessing such departures.

To fix ideas, consider the following standard SAR panel data model:
Ynt:AOWnYnt‘f'XntﬁO""cnO‘f'Vma t=1,....T, (1)

where the notation follows the standard spatial econometric literature?. Note that

model (1) can equivalently be written as
Ynt = )LOWnInYnt +Xntﬁ0 +Cuo + Vnta (2)

where the identity matrix I, implicitly imposes the restriction that all units transmit
spatial interactions according to the same weights matrix W,,. While this specification
is widely adopted, it may be restrictive when origin-side heterogeneity is present, in
the sense that the influence exerted by some units may differ from that of others as
more time variation becomes available.

Suppose that a finite number of units exhibit heterogeneous influence in the
network. We assume that the number of such units, denoted by m, is fixed, while all
remaining units interact through homogeneous interaction strengths. In empirical
applications, the units may be selected based on prior knowledge, data, or policy
relevance?. This setting is related to the notion of dominant units in Pesaran and
Yang (2020, 2021), who consider settings in which a finite number of units exert
asymptotically non-negligible influence through the structure of the spatial weights
matrix. However, our focus differs in that we do not characterize dominance in

terms ol network centrality or asymptotic influence implied by the weights ma-

1) Eq. (1) is the model considered in Yu et al. (2008) without dynamic terms or in Lee and Yu (2010)
without SAR disturbances. The case where both the number of units n and the number of time
periods T are large is of interest; this paper will mainly refer to Yu et al. (2008).

2) For example, in studies of international knowledge spillovers, one may examine whether the United
States exerts a large influence on other countries, even when geographical or economic distance is
far.
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trix itsell. Instead, we allow for origin-side heterogeneity in interaction strengths,

whereby a small subset of units may exert disproportionately influence even when

their structural positions in the network are similar to those of other units.
Without loss of generality, we assume that the first m units may deviate from

the homogeneous structure:
Y = AOWanOYnt +anB0 +¢no+ an7 r=1 yeee 7T7 (3)

where Wy = diag (10, -, Omo, 1. .-, 1)3). When 60 =1forallh=1,...,m, the model
reduces (o the standard SAR specification. Based on the unrestricted model in (3),
we focus on testing whether the homogeneous interaction structure implied by the
standard SAR model is supported by the data. Specifically, we formulate the null
hypothesis

Hy: O6po=1 forallh=1,....m,

against Hy : 09 # 1 for some h. Under Hy, (38) reduces to the conventional SAR
model. Departures from Hy indicate the origin-side presence of heterogeneity in
interaction strengths that cannot be captured by a single spatial autoregressive pa-
rameter.

This paper makes several contributions to the spatial econometrics literature.
First, we propose a diagnostic test for assessing a key assumption underlying the
standard spatial specifications in panel data by introducing a parameterization that
captures unit-specific deviations in origin-side effects. To the best of our knowl-
edge, the parameterized model such as (8) has not yet been considered in the spatial
econometrics literature. Second, we provide a flexible yet tractable [ramework for
testing heterogeneity without requiring the estimation of the heterogeneous spatial
models. The most important reason for deriving the LM test is that such param-
eterization on spatially lagged terms as (3) raises intractable difliculties at the level

of identification and estimation (Elhorst, 2014). To avoid the issue, we use the LM

8) The specification in (3) can be viewed as an unrestricted alternative to the standard SAR model.
Related approaches include Aquaro et al. (2021), who allow for destination-side heterogeneous ef-
fects. In contrast, our approach introduces heterogeneity on the origin side while treating the spatial
weights matrix as given.
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principle”. Third, the proposed test is developed within a quasi-maximum like-
lihood framework and remains valid without imposing normality assumptions on
the error terms. Therefore, the proposed test is useful and easily made for many
empirical questions since it is based on the well-established standard SAR panel
data model to obtain the restricted estimates and is derived without the normality
assumption on the error terms.

The remainder of the paper is organized as follows. Section II introduces the
model with origin-side influence parameters and its likelihood function. Section 111
derives the LM test statistic and establishes its asymptotic properties under standard
regularity conditions. Section IV presents Monte Carlo simulation results. Section V
provides an empirical example where our proposed test can be applied to knowledge

spillovers in a global economy. Some lemmas and proofs are given in the Appendix.

II. The model and concentrated likelihood function

1. The spatial model with origin-side influence parameters

Define s;, as an n x 1 vector of zeros, except for one at the hth element for

m
h=1,...,m. Also, define N, = I, — Z spsy- Then, (8) can be rewritten as
h=1

Ynt = AOWnIPOYnt +Xntﬁ0 +€no + Vnt

- / @)
= A()Wn( Z Shoshsh +Nn)Ynt +XntBO + €0 + Vi, t=1,...,T.
h=1

where Y, = (y1;,...,yn)" is an n x 1 vector of a dependent variable for all units in
period £, W, is an n X n spatial weights matrix, X, is an n X k, matrix of nonstochastic

regressors, ¢, is an n x 1 vector of individual fixed effects, and V,, = (ey;,..., &) is

an n x 1 vector of disturbance terms®. When 8,0 =1 forall h=1,...,m, (4) reduces

4) Among these classical approaches, LM tests are popular in spatial settings because they only require
restricted estimates. For recent surveys in the spatial literature, see Baltagi et al. (2003, 2007), De-
barsy and Ertur (2010), Yang (2010), Born and Breitung (2011), Qu and Lee (2012), Baltagi and
Yang (2013a, 2018b), Robinson and Rossi (2014), Yang (2015), Cheng and Lee (2017), Bera et al.
(2019), among others.

5) For the elements of V,,;, we assume that &; is i.i.d. across i and  with zero mean and variance Gg.
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to the standard SAR panel data model in (2) since Z 810nS), + Ny = I,. The matrix

¥ captures structural deviations from the standdrd SAR specification by allowing

a subset of units to exert stronger or weaker spatial influence relative to the others.

Define S,(y) = I, — AW, ¥ where ¥ = Z Suspsy + Ny for w = (8y,...,8u,1) .
h=1
At the true parameter, S, (W) = I, — AoW,,¥y. Then, presuming S,(yp) is invertible,

(4) can be rewritten as Y,; = (I, — AW, Wo) (X Bo + €u0 + Vi) = S (o) ™ (Xue Bo +
Cpo + Vnt)-

2. The likelihood function

Denote 8 = (v, B’,6°%)" and { = (y/, B'), where y = (§y,...,8,,A) € A" x B
and § = (§,...,8,) € A™. At the true value, 6y = (), B}, o3 ) where 8 = (81, ..., 8m0)’-
The likelihood function of (4) is

nT

nT 1 L
lnLnT(e,Cn) = —7111(27[) — 7 11’1(62) + Tln |Sn<l’/)| — Tﬁ Z Vm(C,Cn)/Vm(C,cn)
t=1

®)

where V. (&, ¢,) = (I, — AW,¥) Y,y — X3 B — ¢4 Thus, V,y = Vi (8o, €00)-

For analytical purposes, it is convenient to concentrate ¢, out in (5). Define
~ _ _ 1 ~ _ -
Y, =Y — Y, where Y,r = T Z Y. Similarly, we define X,;; = X, — X,7 and V,;; =
=1

) lnL,,T(G, (v

_ 1 T
Ve — V. Using the first order condition that e ) =5 Z Ve (€, ¢,) from
n =1

(5), the concentrated likelihood function of (4) is

T T 1
%ln(Zn:) - ”7111(02) FT IS, (y)| — —

lnL,,T(G) = —
where V,,(§) = (I, — AW, ¥)Y,, — X, 8. For the concentrated likelihood function,
the dimension of the parameter space does not change as n increases because we
assume m does not depend on n. From (6), the first and second order derivatives
of the concentrated likelihood function can be derived: see Appendix B for their

expressions.
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III. The proposed LM test

1. LMtest

In this section, we propose an LM test, asymptotically chi-square distributed
with m degrees ol [reedom. To analyze the asymptotic properties of the proposed

test, we need the following assumptions:

Assumption 1. The spatial weights matrix W, is time-invariant and its diagonal elements

satisfy wi; =0 fori=1,...,n.

Assumption 2. The disturbances €;,i=1,....nandt =1,...,T, are i.i.d. across i and t

with zero mean, finite variance 6§ > 0, and E|g;|*™ < oo for some n > 0.

Assumption 3. S,(y) = I, — AW,V is assumed to be invertible in a small neighborhood of
1//(0), where l//(0> = (1,...,1,X)". Furthermore, B is compact with 0 ¢ B, and Ay is in the

interior of B.

Assumption 4. W, is uniformly bounded in row and column sums in absolute value. Also,

S, (w) "L is bounded in row and column sum norms uniformly in w € A™ x B.

Assumption 5. The elements of X,,; are nonstochastic and bounded, uniformly in n and .
| R
Also, lim — Y X! X,; exists and is nonsingular.
" ToeonT ; et o

Assumption 6. n is a non-decreasing function of T and T goes to infinity.

Assumption 7. The set of units with heterogeneous influence is assumed to be fixed and of

Jfinite cardinality m.

Assumptions 1, 2, and 5 are standard regularity conditions used in Yu et al.
(2008) and Lee and Yu (2010). Assumption 3 ensures that S, (W) remains invertible
in a neighborhood of the centering point l[/(o). Assumption 4 is required to establish
the asymptotic behavior for the test statistic. Assumption 6 allows both n and T to
diverge, with n — o as T — 0. Assumption 7 implies that the number of such units,

denoted by m, does not depend on n?.

6) Allowing the number of units with heterogeneous influence to grow with n (e.g., m = O(n") for some
r > 0) leads to an asymptotic framework with an increasing number of unit-specific components. In
such settings, it is natural to aggregate information across many components, rather than focusing
on a fixed-dimensional object; see Chang and de Jong (2025) for related ideas.
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Denote 6, = (A, 8, 62) where p = (A, B"). At the true value, 629 = (Ao, B}, 03) .
Consider the first order derivatives with respect to § = (8y,...,8,)" in (B.1). Under
Hy, i.e., ¥ = I,, we have V,,({) = (I, — AW,))Y,y — X B and (I, — AW, W)~ = (1, —
AW,) ! since § = (1,...,1)". Therefore, under the null hypothesis, the LM test

statistic is based on an m x 1 vector:

BlnLnT(l,...,l,Gz)7(31nLnT(1,...,1,62) dlnL,r(1,... 92)>
26 N 29 Y 26,

i Vot (P) Was151 (I — AW,) ™ (X B+ Ve (p)) — 075, (I — AW,) ' W) -

N\>)

T
): Vit (P) Wasmly (I — AW) ™' (Kt B+ Vit (p)) — 0250y (I — AWy) ™ Wissy)

where V,,(p) = (I, — AW,))¥,; — X,uB. Under Assumption 7, the dimension of the

vector in (7) does not change as n increases.

Let 8, = (4,8’,6%) be the restricted QML estimator with the restriction § =

(1,...,1). Then, 6, = argn};axlanlT(Gz) where
2

T
LSy (6) = — o

T
5 In(27) — ﬂln(oz) +Tln|l, — AW, | — 2%2 Y Vulp)Viu(p) (8)
t=1

2

with V. (p) = (I, — AW,)Y,y — X, 8. Note that (8) is the special case of the con-
centrated likelihood function of Yu et al. (2008) without dynamic terms. For the
restricted estimates, we also need the following standard condition that implies the

nonsingularity of the limiting information matrix used in Yu et al. (2008).

1 2 )2
Assumption 8. lim — (tr(G:lGn) —I—tr(Gﬁ) — M) % 0 where G, =W, (I, — %Wn)fl.
n

n—oo p

Proposition 1. Under Hy, Assumptions 1-6 and 8, and % — k where 0 < k < oo,
éz ﬁ) 920 and A% nT(éz - 92()) == 0p<1)-

alnLnT(l,'“ 5 1’é2)
a6

under

We now investigate the asymptotic distribution of
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Hj. By the mean value theorem and Proposition 1, we have

1 alnLnT(l,...,l,éz): 1 91nLnT(1,...,1,620)+ 1 10*InL,(1

,...,1,6 ~
2)\/nT(92— 620)

VT FE JT FE ynT 2896
:\%annT(gs..,l,ezo)+0p(1) ©)
where 8, lies between 62 and 6, provided that ;‘9 lnL”gf;a o L&) _o ).
Lemma 1. Under Assumptions 1-7, ;azlnL”gf;a %'71’@ = 0,(1).
Lemma 1 implics that \}TalnLnT(aé L, 1,6) nd\/IT8InL (85..,1,920) .

(9) share the same asymptotic distribution under Hy. Denote B, , =W, shsh(), ', —
Wn)f and Dy, j, = Wnshsh(lo I, —Wy,)~ ]X,,,ﬁo forall h=1,...,m. Correspondingly,
denote Dy, jy = Wysps), (Ao_lln — Wn)_lf(mﬁo = By, ;X o and d~m‘h7,- is the ith element of
Dyt . Then, using (7) and the identity AW,,sy,s/, (1, — Z,Wn)f1 = Wnshs;l(lflln — W,,)fl,
we obtain the following expression evaluated at 6>9 = (Ao, B}, 63)" for Ay # 0:

1 alnLnT(l,...,l,Gzo)_( 1 81nL,,T(1,...,1,(920) 1 81nL,,T(1,...,1,920))'
T 28 =\ 96, T a5,,,

| R 11 &

;gﬁ t:Zl (D;n,]Vnr +Vr:an,ant - O-g tr(Bn,l)) ;gﬁ z;D nt, ]VnT + anTBn lvnT

= : - : (10

m m m + V, tBn,mVnt - 0-3 tI'(Bn,m))

eSO

L 1 _
Dy Vo + ?\/TV,;TB,,MV,,T
0

OQN‘ —_
3=
1~

~
Il

1 dlnL*.(1,....1.0
where the first term denoted as — Ly (11, 00)

JT 95

and the second term is

1
0,(—) by Lemmas A.2 and A.37.
P( \/T) y
1 &, T n ) y ) |
7) 7};0»”,1 ; ; & = 0 and VTV, 1By 1 Vir = Op(ﬁ)'
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1 dInL}(1,...
Then, the vector — Ly (1., 1,620)
T a6

covariance matrix Xg 7 +Q, o7, where X, ,7 and Qg 7 are defined in (11) and (12),

has the mean 0,,%x; and variance—

respectively.
1,1
R e
2.1 2,2
’ yo e *
Tear=| 7 T (1
)1 2 )
11 & )
where Zg b= —g? ZDm WDt g+t (Byp(Bug+ By ).
bn1,iibn1ii * e *
364 | buiibatii bwibmi - x
Hyg 30, n2,iinl,ii n2,iiPn2.ii
Qgnr = 7 0 Z . . . . (12)
O i : : - :
bum,iibnt i bumiibn2ii ** Dum,iibnm,ii

where b,;, ; denotes the ith diagonal element of B, hg). Denote X, = Tlim Yo nr and
bl %DG k)

InL,
au T(86 1,62) . As shown in (9) and (10),
1 1 JdInL; o1
\/Tgnr(ez) has the same asymptotic distribution as 77 Ly (1, 3 6 .1,60) .
Remark 1. Due to s;,s), and the uniform boundedness of both W;, and (I, — A{)W,,)f1
by Assumption 4, tr(By, ) = s,,(Ag Ly —Wy) "Wy = O(1), tt(By jBus) = (s),(Ag ' —

W)~ 'W,si)? = O(1), and tr(ByB,,;) = O(1) for all h = 1,...,m".

Q, = lim Q7. Define g,7(6,) =

Proposition 2. Under Hy, Assumptions 1-8, and ; — k where 0 < k < oo,
1

ﬁgﬂ(éz) 2 N(0,5, + Q).

8) When g;; are normally distributed, Qg 7 = Oy since iy — 30‘3 = 0. In this case, the Bartlett identity
1 92ILiy(1,...,1,6%) 1 9InLi(1,...,1,05) 1 dnLip(1,...,1,6%)

T 0806 ) VT EE VT B )=

1 azlnL;‘,T( .., 1,6) _y

T 3595 ) = ~Egar-

9) Some basic properties and the law of large numbers on our statistics are provided in Appendix A.

+E(

implies that E(=

0 for any 6y9. Consequently, E(—
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Finally, we need the following assumption on X, + , to derive the LM test

statistic.
Assumption 9. X, +Q, is positive definite.

1 ~
Using the asymptotic behavior of 7T gnr(62), we derive the asymptotic distri-

bution of the quadratic form in Theorem 1.

Theorem 1. Under Hy, Assumptions 1-9, and % — k where 0 < k < oo,

1 ~ _ ~ . d
78i(62) (Ze + Q) 8ur (62) = X3

Theorem 1 imposes a restriction on the relative expansion rates of n and T
such that ; — k where 0 < k < . Hence, the conclusions, when n is asymptotically
proportional to T or when T grows faster than n, can be drawn based on the value
of D= %gnT(éz)'(ig +8,) g, (62) where £, and Q, are consistent estimators of
X and Q,, respectively. X, and Qg can be estimated by the expressions in (11) and
(12) where 620 = (Ao, B, c&)’ and i are replaced by 6, = (1,3’, 62)’, and the fourth

order empirical moments based on residuals (Lee, 2004).

2. Local power of the LM test

For the asymptotic power of the LM test, we consider the following local alter-

natives:

H17725h0=1 /’l=1,...,m (13)

Ap
+ T1/2’
where Ay, are fixed constants, with A, # 0 for at least one h. Denote A= (Ay,...,A,),
an m x 1 vector of the constants. To derive the asymptotic properties under H 7, we
utilize Le Cam’s theory, following Qu and Lee (2013), and Cheng and Lee (2017)

for spatial models.

Consider gy = InL,r(1+ A1 /T2, 1+ An/TY?,659) —InLyr(1,...,1,65).

By the second order Taylor series expansion, we have

1 A,&lnLnT(l,...,l,Gzo)+LA,92lnLnT(l+A1,...,1+Am,620)

_ 14
=i 95 2T 9890 A (14)
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where Ay, lies between Ah/Tl/2 and 0 for h =1,...,m. Thus, Ay 20 as T — o for

all . From (10), (11) and (14) with normally distributed errors under Hy, we have

1 ,alnLnT(l,...,l,Gz()) _"_LA/azlnLnT(l+A17--'71+Ama620)

W = it 26 2T 9505 A
1 dInLiy(1,...,1,6%) 1 ,,13%InL,r(1+Ay,...,1+A,,6y)
=N s A7 9595 Atop(l)
1 9mnLi (1, 1.6x0) 1., 132l (1,....1,0 (15)
=T s e S R oy 1)
* 2 *
where \/17 alnL"T(la’ o L,820) 4, (0,5, and E(% ? lnL"g(; _ Loy 5 o
, 1 d%InL,r(1+A,...,1+A,,, 6 19*InLi4(1,...,1,0
provided that T r( 951(95’ 20) _ (? T8(585’ 2O))zop(l).

Lemma 2. Under Hy and Assumptions 1-7,
19°InL,r(1+Aq,...,1+A,,6) (1 azlnL;;T(l,...,l,ezo)) 1)
— —E(= =0,(1).
T 0808 T 0808 b

1
Therefore, g, 4N (—EA’ZgA,A/ZgA) under Hy, and this result implies that Le
Cam’s first lemma holds. Denote 0% = AT A. From (9), (10) and (15), we obtain

. . 1 ~
the asymptotic covariance of \F gnr(62) and g7 as

1 BlnL* (1,...,1,920) 1 8lnL* (1,...,1,92())
C - nT Ali nT
v 95 ST 95 ) 06
—V (L8lnL;;T(1,...,1,920))A_Z A
= Var \/T 95 = 2gnTA.

Denote 7 = Tlim Lo nrA = XA, Then, using the Cramer-Wold device, we can find
—00

1 ~
the joint asymptotic distribution of —=g,7(6>) and ¢,r under Hy as

VT
1 < d 0 X, T
(ﬁgnT(92)7QnT) —>N< —%G*Z ; (T’ G*2> ) 17)
1 -
Hence, by Le Cam’s third lemma, ﬁgﬂ(ﬂz) 4, N(7,%¢) under Hy 7 with normal

€rTrors.
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Theorem 2. Under Hy r, Assumptions 1-9, and ; — k where 0 < k < oo with normally

1 N -
distributed errors, ?gnT(Gz)'ngl gnr(62) 4 Xi (u)

where [t = A'T,A is a noncentrality parameter.

Theorem 2 implies that the proposed test has power against local alternatives if

Ay # 0 for some & due to u > 0 since X, is positive definite by Assumption 9.

Remark 2. Misspecifying m does not affect asymptotic size when the critical value
is taken from the x2 distribution. Under local alternatives, suppose the true number
is my. Then, power is affected because the choice (/1) changes both (i) the degrees
of freedom (hence the critical value) and (ii) the amount of signal captured by the
score vector. When i > my, additional zero-mean components are included, which
dilutes the signal and raises the critical value, reducing power. When m < mg, some
nonzero-mean components are omitted, which reduces the effective noncentrality,
although the critical value is smaller; the net effect on power in this case depends

on how much signal is discarded.

IV. Monte Carlo simulations

1. Data generating processes

To investigate the performance of the proposed LM test, we conduct Monte

Carlo experiments. We consider the following data generating process (DGP 1),

defined by (3).

DGP 1 (The spatial model with origin-side influence parameters).

Yoo = (I — AOWanO)il (Xt Bo+¢€n0+ Vi) 3)

where Wy = diag(80,...,0m0,1,...,1), Wy is an n x n spatial weights matrix, X, is an
n x ky matrix of nonstochastic regressors, ¢y is an n X 1 vector of fixed effects, and Vy; is an

n X 1 vector of i.i.d. disturbances with zero mean and finite variance Gg.
We construct a distance-based weight matrix with elements w;; = 1/(d(i, j) +1)*
for i # j, where d(i,j) = min{|i — j|,n — |i — j|}, set w;; = 0, and apply row nor-

malization. We consider two values of the spatial autoregressive parameter, Ay €



BOK Working Paper No. 2026-9

{0.05,0.2}. With the row-normalized W, |A9| < 1 guarantees a unique solution of
the restricted estimates. The value A9 = 0.2 represents a moderate degree of spa-
tial dependence, while A9 = 0.05 is included to assess the power properties of the
proposed test under weak spatial dependencem). We set By =0.3, x; =U[0,1]+0.5,
and ¢jo =0.1-U|0, 1]. For the size and power analyses, we consider two scenarios with
m=1and m=3; ¥y = diag(djo, 1,...,1) whenm =1 and ¥y = diag(d)0, 20, 530, 1,---,1)
when m = 3. Finally, we consider three distributions for the disturbances: normal
N(0,1), uniform U[—v/3,+/3] and chi-square (%% —5)/+/10 distributions with zero
mean and o5 = 1. We use 2,000 replications for the size and 1,000 replications for
the power with Ao, ¥o, Wy, Xr, Bo, and ¢, fixed, and then redraw randomly V,,; in

each replication.

2. Monte Carlo results

We report the size and power properties for n € {25,50,75,150} and T € {25,50,75,150}
in Scenario (1), and for n € {50,100,150,200} and 7 € {50,100, 150,200} in Sce-
nario (2), using N(0,1), U[—v/3,v/3], and (32 —5)//10 disturbances at the 5% sig-
nificance level.

Table 1 reports the size of the proposed test. Across all configurations, the rejec-
tion frequencies are close to the nominal level of 5%, indicating that the proposed
test exhibits good size across different sample sizes and disturbance distributions.
This result is consistent with the theoretical property that the test remains valid as

long as n/T — k for some finite constant k, as discussed in Section 1.

Table 2 reports the power of the proposed test under a baseline setting. The
test exhibits good power properties across all sample configurations. In particular,
the power approaches its theoretical value (1.000) as the sample size increases, and

it rises much faster with 7 than with n'". Furthermore, the power performance is

10) When Ay is close to zero, heterogeneity enters the model only weakly through the spatial interaction
term. Under the null hypothesis, this term does not affect the asymptotic distribution in Theorem 1.
However, under local alternatives, the noncentrality parameter governing power is given by y =
A'Y,A, which may become small as A decreases through its effect on Eg, potentially reducing power.

11) Consistent with the local alternative results in Section 2, the noncentrality parameter increases pri-
marily with T, since the score accumulates over time through repeated observations, whereas addi-
tional cross-sectional units contribute relatively less. As a result, power increases mainly along the
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Table 1. Size of the proposed LM test (Ay = 0.2)

(I)m=1 2)m=3
T=25T=50T=75T=150 T=50T7T=100 T =150 T =200
n=25 | 0.045 0.050 0.041 0.084|n=50 | 0.048 0.042 0.052 0.046
& ~ n=>50 | 0.053 0.051 0.037 0.041|n=100| 0.052 0.054 0.057 0.053
N(0,1) n=75 | 0.061 0.0561 0.048 0.048|n=150| 0.063 0.054 0.0568 0.049
n=150| 0.0561 0.0563 0.053 0.0564|n=200| 0.060 0.0564 0.045 0.048
n=25 | 0.044 0.040 0.043 0.043|n=50 | 0.042 0.041 0.044 0.043
Eip ~ n=>50 | 0.047 0.044 0.043 0.051|/n=100( 0.044 0.053 0.051 0.041
U[_\/ga \@} n=75 1 0.049 0.052 0.048 0.049{n=150| 0.059 0.057 0.0565 0.052
n=150| 0.0562 0.061 0.059 0.0561|n=200| 0.060 0.049 0.0564 0.051
n=25 1 0.046 0.046 0.040 0.040{n=50 | 0.056 0.053 0.057 0.051
Eir ~ n=50 | 0.056 0.051 0.046 0.047|n=100| 0.066 0.053 0.057 0.052
(23 —5)/V10 =75 | 0.052 0.052 0.049 0.043|n=150| 0.059 0.065 0.060 0.051
n=150| 0.051 0.059 0.061 0.046|n=200| 0.068 0.057 0.059 0.053
stable across different disturbances. This baseline result serves as a reference point
for the subsequent experiments, in which we examine how power is affected under
alternative configurations.
Table 2. Power of the proposed LM test (1p = 0.2)
I)m=1 2)m=3
T=25T=50T=75T=150 T=50T7T=100 T =150 T =200
n=2510.718 0.954 0.996 1.000{n=50 | 0.774 0.976 0.999 1.000
Ejr ~ n=>50 | 0.752 0.957 0.997 1.000|n=100| 0.828 0.984 0.999 1.000
N(0,1) n=75 | 0.785 0.952 0.994 1.000{n=150| 0.818 0.979 1.000 1.000
n=150( 0.775 0.965 0.997 1.000|n=200| 0.820 0.986 1.000 1.000
n=25 | 0.767 0.961 0.990 1.000{n=50 | 0.820 0.984 1.000 1.000
Eir ~ n=>50 | 0.780 0.966 0.995 1.000{n=100| 0.886 0.987 1.000 1.000
U[—\/’; \6} n=75 1 0.833 0.975 0.999 1.000{n=150| 0.880 0.986 1.000 1.000
n=150( 0.819 0.974 0.994 1.000|n=200| 0.852 0.990 1.000 1.000
n=25 | 0.686 0.927 0.990 1.000{n=50 | 0.740 0.972 0.998 1.000
Eir ~ n=>50 | 0.717 0.945 0.986 1.000{n=100| 0.794 0.985 0.998 1.000
(22 —5)/v10 =75 | 0.712 0.940 0.991 1.000|n=150| 0.786 0.981 1.000 1.000
n=150| 0.756 0.950 0.990 1.000|n=200| 0.824 0.977 1.000 1.000

Note: Scenario (1) uses 8;p = 6 for m = 1, and scenario (2) uses (819, 820, 83) = (4,2,2) for m = 3.

Table 3 reports the power of the proposed test under weaker origin-side strengths,

where Scenario (1) uses 819 = 4 for m = 1 and Scenario (2) uses (89, 80,830) =

time dimension.
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(3,1.5,1.5)" for m = 3. Compared to Table 2, which considers larger deviations
from the null, the magnitude of heterogeneity is reduced in this setting. As a result,
the noncentrality parameter governing power becomes smaller, leading to lower re-
jection probabilities across different configurations of n and T. Nevertheless, the
test continues to exhibit increasing power as the sample size grows, particularly with
respect to T, consistent with Section 2.

Table 4 reports the power of the proposed test when the spatial dependence pa-
rameter is set to a much smaller value, A9 = 0.05, while maintaining the same alter-
natives as in Table 2. Compared to Table 2, this setting reflects substantially weaker
transmission of heterogeneity through the spatial interaction term. As discussed in
Section 1, a smaller value of Ay attenuates the contribution of £, in u = A’ZgA, lead-
ing to markedly lower rejection probabilities. Nevertheless, the power continues to

increase with the sample size, particularly with respect to T

Table 3. Power of the proposed LM test (Ap = 0.2)

I)m=1 Q2)ym=3

T=25T=50T=75T=150 T=50T=100 T =150 T =200

n=25 1 0.347 0.577 0.796 0.978|n=50 | 0.368 0.655 0.829 0.926

it ~ n=50 | 0.397 0.642 0.831 0.983|n=100| 0.387 0.689 0.865 0.941
N(0,1) n=75 | 0418 0.673 0.845 0.987|n=150] 0.399 0.702 0.874 0.939
n=150] 0.424 0.650 0.820 0.986|n=200| 0.421 0.701 0.860 0.922

n=25 1 0.350 0.621 0.797 0.973|n=50 | 0.372 0.643 0.834 0.923

Eir ~ n=50 | 0.412 0.662 0.824 0.989|n=100| 0.406 0.700 0.864 0.940
U[—\f& \ﬁ] n=75 | 0434 0.700 0.838 0.987|n=150] 0.415 0.689 0.859 0.944
n=150| 0.445 0.672 0.831 0.985|n=200| 0.430 0.706 0.870 0.952
n=2510.335 0.572 0.760 0.968|n=50 | 0.368 0.6038 0.835 0.927

Eir ~ n=50 | 0.370 0.608 0.803 0.986|n=100| 0.371 0.655 0.832 0.941
(XSZ - 5)/@ n=75 | 0401 0.625 0.778 0.975|n=150| 0.408 0.678 0.851 0.926
n=150] 0.385 0.649 0.797 0.976|n=200| 0.406 0.666 0.844 0.942

Note: Scenario (1) uses §;9 = 4 for m = 1, and scenario (2) uses (519,50, 830) = (3,1.5,1.5)’ for
m=3.
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Table 4. Power of the proposed LM test (Ap = 0.05)

Mm=1 Qm=3
T=25T=50T=75T=150 T=50T=100 T =150 T =200

n=25 | 0.100 0.147 0.179 0.338[n=50 | 0.071 0.121 0.155 0.178

Eir ~ n=50 | 0.094 0.139 0.221 0.8373|n=100| 0.086 0.133 0.181 0.223
N(0,1) n=75 | 0.112 0.178 0.215 0.8362|n=150| 0.095 0.137 0.166 0.208
n=150| 0.104 0.154 0.284 0.870|n=200| 0.096 0.138 0.173 0.208

n=25 | 0.094 0.144 0.185 0.343|n=50 | 0.070 0.115 0.132 0.178

Eir ~ n=50 | 0.093 0.127 0.186 0.335|n=100| 0.080 0.120 0.178 0.199
U-V3,vV3] n=75|0.113 0.167 0.199 0.369(n=150| 0.105 0.121 0.171 0.229
n=150| 0.119 0.169 0.226 0.403|n=200| 0.095 0.122 0.180 0.223

n=25 ] 0.090 0.159 0.197 0.340{n=50 | 0.099 0.119 0.157 0.205

Eir ~ n=50 | 0.099 0.151 0.196 0.353|n=100| 0.108 0.139 0.166 0.209
(x3-5)/V10 n=75 | 0.114 0.169 0218 0.878|n=150| 0.106 0.162 0.178 0.215
n=150| 0.089 0.175 0.217 0.863|n=200| 0.124 0.132 0.188 0.233

Note: Scenario (1) uses 8;p = 6 for m = 1, and scenario (2) uses (819, 820, 53) = (4,2,2)’ for m = 3.

Table 5 reports the power of the proposed test when m =2 and m = 4, respec-
tively, under the same baseline alternatives ¥y. By comparing Table 2 with Table
5, we examine how power changes when m is over-specified while all other settings
remain unchanged. In this case, the power is expected to be lower because the ad-
ditional components correspond to coeflicients whose true values are equal to one,
contributing no signal to the noncentrality parameter. Nevertheless, Table 5 shows
that although power is somewhat reduced in small samples due to over-specification,
this loss diminishes as the sample size increases. In particular, the power converges
rapidly as T grows, and remains high across different error distributions.

Opverall, the proposed LM test exhibits good finite-sample properties, main-
taining accurate size across a wide range of samples. In the baseline setting with
moderate spatial dependence, the test also demonstrates satisfactory power perfor-
mance. While power is necessarily reduced when the spatial dependence becomes
much weaker, it remains non-negligible and increases systematically with the sample

size, particularly in the time dimension.

V. An empirical illustration
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Table 5. Power of the proposed LM test (4y = 0.2)

1)ym=2 Q2)m=4

T=25T=50T=75T=150 T =50 T =100 T =150 T =200

n=25 | 0.640 0.903 0.983 1.000{n=50 | 0.747 0.968 0.999 1.000

Eir ~ n=50 | 0.683 0.929 0.988 1.000|n=100| 0.792 0.978 0.999 1.000
N(0,1) n=75 10725 0.932 0.984 1.000|n=150| 0.808 0.978 0.999 1.000
n=150| 0.704 0.928 0.994 1.000|n=200| 0.802 0.982 0.996 1.000

n=25 | 0.693 0.930 0.989 1.000{n=50 | 0.798 0.970 0.999 1.000

Eir ~ n=50 | 0.710 0.946 0.990 1.000|n=100| 0.806 0.980 1.000 1.000
U-V3,V3] n=75 | 0.774 0.958 0.996 1.000|n=150| 0.805 0.981 1.000 1.000
n=150| 0.767 0.958 0.988 1.000|n=200| 0.843 0.986 0.998 1.000

n=25 | 0.607 0.855 0.978 1.000{n=50 | 0.714 0.959 0.998 1.000

Eir ~ n=50 | 0.640 0.908 0.976 1.000|n=100| 0.750 0.979 0.998 1.000
(x3-5)/V10 n=75 | 0.658 0.899 0.980 1.000|n=150| 0.762 0.977 0.999 1.000
n=150| 0.683 0.903 0.977 1.000|n=200| 0.801 0.972 0.997 1.000

Note: Scenario (1); (810,80)" = (6,1) where m =2 and (2); (810, 20, 830, 040)" = (4,2,2,1)" where
m=4.

1. Motivation: Technological Leaders in Knowledge Spillovers

Numerous studies have examined the process of knowledge production, R&D
externalities, and technological diffusion over the past decades. In particular, a large
literature following Coe and Helpman (1995) documents that a country’s total factor
productivity depends not only on domestic R&D capital but also on foreign R&D
spillovers'?. Subsequent studies provide further evidence that trade and foreign
direct investment serve as main transmission channels for knowledge diffusion (e.g.,
Aitken and Harrison, 1999; Kugler, 2006; Zhu and Jeon, 2007; Keller, 2022).

Recent advances in econometric methodology and data availability have fur-
ther improved our understanding of knowledge spillovers (Keller, 2022). In par-
ticular, spatial econometric models may eflectively investigate knowledge spillovers
and interactions using technological or economic proximity, as surveyed in Autant-
Bernard (2012). For country-level knowledge applications using spatial models, bi-
lateral trade data is commonly used to construct the spatial weights matrix, based on
the idea that knowledge is transmitted through trade (Ho et al., 2018). These models

typically assume that countries connected through similar trade relationships exert

12) For surveys of the early literature on international knowledge spillovers, see Coe et al. (2009).
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comparable influence on one another.

However, such an assumption may be restrictive in practice. Even when two
countries have similar trade intensity with a leading economy, their exposure to
foreign knowledge may differ substantially. More generally, the structure implied
by a given spatial weights matrix may fail to capture heterogeneity in how strongly
different units transmit influence. This issue is particularly relevant in global knowl-
edge networks, where a small number of technologically advanced countries may
exert disproportionate influence beyond what is implied by bilateral trade volumes
alone.

Moreover, it is important to consider panel data settings in which the time di-
mension is large, as the process of knowledge creation and spillovers evolves over
time. Although much of the existing literature relies on relatively short panels, re-
cent studies highlight the importance of longer time horizons. For example, Hov-
hannisyan and Sedgley (2019) employ a panel VAR model and show that incor-
porating richer time variation leads to substantial methodological improvements.
Similarly, Drivas et al. (2022) use a Global Vector Autoregressive (GVAR) model
to study technological spillovers across economies and document that the United
States and China play dominant roles in global knowledge production.

To better understand interactions in knowledge production in a global economy
reflecting such heterogeneous roles, we consider the parameterized spatial model
in (3) and employ the proposed LM test. Following the existing literature, we use
patent data as a proxy for innovation output and use R&D expenditure as an input
measure'®. In addition, bilateral trade flows are used to construct the spatial weights
matrix, and the United States and China are treated as candidate influential units
(Drivas et al., 2022). With the weights matrix (W,) specified by the bilateral trade

flows, we consider the following model:

18) See Bottazzi and Peri (2007), Mancusi (2008), Ho et al. (2018), Drivas et al. (2022), Eugster et al.
(2022), and among others.
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patentys; dus 0 0O ... 0 patentys rndys,
patentchina,t 0 5China 0 see 0 pale”tchina}t rndChina,t
patents; = AW, 0 0 1 0 patents; + ﬁo rnds; +¢u0+ Vi,
patent,, 0 0 0 1 patenty; rndy,

r=1,...

Under this specification, the null hypothesis Hy : Sys = Scpina = 1 corresponds to
the standard SAR model, which serves as the restricted model for the LM test. As
discussed in Section 1, the proposed LM test only requires estimating the restricted

model parameters.

2. Data

We use a balanced panel of 23 innovative countries over the period 1993—
2020, The output, patent;, is measured as the annual growth rate of triadic patent
applications (Alog patent applications), while the input variable, rndj, is the annual
growth rate of R&D expenditures (Alog R&D expenditures, in constant 2015 prices
and PPP-adjusted). The sample covers n = 23 countries over T = 27 years'®). All
data are obtained from the OECD Main Science and Technology Indicators (MSTT)
database.

Following Drivas et al. (2022), we use triadic patent families as a measure of
innovative output. Triadic patents consist of patent families filed jointly at the Eu-
ropean Patent Office (EPO), the Japan Patent Office (JPO), and the United States
Patent and Trademark Office (USPTO), and are commonly regarded as capturing
high-quality innovations. In contrast to patent counts based on a single office, tri-

adic patents mitigate home-bias effects and improve cross-country comparability

14) These countries account for approximately 96% of global innovation activity in 2021. See Appendix
D for the list of countries.

15) For some countries, such as Australia, Denmark, Norway, New Zealand, and Sweden, R&D expen-
diture data are reported biannually in certain periods. When observations are missing, we interpolate
using the average of the preceding and subsequent years before computing growth rates. The result-
ing balanced panel contains 621 observations.

T,
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(Dernis and Khan, 2004)'9. For these reasons, triadic patents are particularly well
suited for our empirical analysis.

To construct the spatial weights matrices, we use bilateral trade data from the
IMF Direction of Trade Statistics (DOTS). Specifically, we compute the average
bilateral trade flows over the period 1999-2020 using exports, imports, and their

sum, which yields three alternative weight matrices: Wexport, Wimports and Weros.

3. Results

Table 6 reports the estimation results from the restricted model. Both estimates
(A and 3) are positive and statistically significant across all spatial weight matri-
ces. In particular, the spatial autoregressive parameter A is significant at the 1%
level in all cases. Table 7 presents the results of the proposed LM test for each
spatial weights matrix constructed from bilateral trade flows. The null hypothesis
(Ho : dus = 8chinao = 1) is rejected at the 10% significance level when W, is used,
and at the 5% level when W0, is used. These findings provide empirical evidence
against the homogeneous interaction term when bilateral import or gross trade flows
are used to characterize network connectivity. Taken together, the results suggest
that conventional spatial models may fail to capture important heterogeneity in in-
ternational knowledge spillovers, particularly in the presence of technology-leading

economies such as the United States and China.

Table 6. Results of the restricted estimates
ngss Wexport ‘/Vimport

A 0.5241%%*  (0.5185%*  (.5208%**

B 0.1877% 0.1881*% 0.1868*

Note: “*p < 0.01, *p < 0.05, and *p < 0.1

16) For example, Bottazzi and Peri (2007), Ho et al. (2018), and Hovhannisyan and Sedgley (2019) rely
on USPTO patent data, while Mancusi (2008) uses EPO patents.
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Table 7. Results of the proposed LM test

ngss Wexport Vvimport
%22 test (m =2) 4.8383* 3.2385 6.0207**

Note: **p < 0.01, *p < 0.05, and *p < 0.1

VI. Conclusion

This paper introduces a spatial panel data model with influence parameters and
develops an LM test for spatial interactions under origin-side heterogeneity. The
proposed test is shown to be asymptotically x2 under Hy when both n and T' tend
to infinity jointly, where m denotes the number of units being tested. The test is
straightforward to implement, as it relies only on restricted estimates from a standard
spatial model and does not require a normality assumption on the error terms. We
further investigate the asymptotic power of the test under local alternatives using
Le Cam’s framework. Monte Carlo experiments demonstrate that the proposed test
exhibits good finite sample properties. Finally, we apply the proposed test to an
empirical example of international knowledge spillovers through trade. The results
suggest that conclusions drawn from widely used homogeneous spatial specifications
may be misleading when technological leaders play heterogeneous roles in global
knowledge production.

Several extensions of the proposed framework are left for future research. One
natural direction is to allow for more flexible specifications, such as time fixed effects
or time-varying interaction patterns, which may capture gradual changes in influ-
ence over time. Another extension is to consider random coeflicient or stochastic
specifications for the interaction parameters, which would allow influential behav-
ior to evolve more smoothly rather than remain fixed over time. More broadly, the
proposed testing framework may also be useful for guiding the selection of spa-
tial weights matrices in empirical studies, as it provides a principled way to assess
whether a given connectivity structure adequately captures the underlying interac-
tions in the data. Finally, the parameterized model offers a starting point for future

research on identification and estimation.
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Appendix A Some basic lemmas

We provide some basic properties and the law of large numbers which are useful

for deriving the asymptotic results of our statistics.

Assumption Al. The disturbances €, i=1,...,nandt =1,...,T, are i.i.d. across i and

t with zero mean, finite variance 602 > 0, and E|€; |4'H7 < oo for some n > 0.

Assumption A2. The spatial weights matrix W, is time-invariant. Also, S,, = I, — AgW,

1s invertible.

Assumption A8. W, and S, ' are uniformly bounded in row and column sums in absolute

value.

Assumption A4. The elements of an n X k, matrix of nonstochastic regressors X, are

bounded, uniformly in n and t.
Assumption Ab. n is a non-decreasing function of T and T goes to infinity.

Define s; as an n x 1 vector of zeros, except for one at the ith element for all
i=1,...,n. Then, s;s} is an n X n matrix of zeros, except for one at the (i,i)th element.
Suppose that an n x n nonstochastic matrix By, is constructed as a product of s;s} and
either W,,, S *, or both for some i = 1,...,n. For example, B, = Wnshs;lS,Tl for some

hzl,...,m

Lemma A.1. Under Assumptions A2-A4, for any matrix B,,
tr(B,) = O(1), tr(B2) = O(1), tr(B,B,) = O(1) and tr(X.,B,B, %) = O(1).

Lemma A.1 also implies that tr(B,,(W,S, 1)) = O(1) for any finite integer k.

Lemma A.2. Under Assumptions A1-A 5, for any matrix B,,
E( Z V! B,Vy) = 0(1),

1
E(Vn/TBnVnT) = 0(?):

ViuBnVu) = O(1),
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Lemma A.3. Under Assumptions A1-Ab, for any matrix B,
1 & 1
T[:ZIV,:,BHVM — Z ViBuVr) = p(ﬁ),

_ _ _ 1

V,:TBnVnT — E(VnTBnV”T) = 0[,(?),

/BnVnt 7E(

nt

N = N =
1~
1]
Nl = N
DM~ I~
I =X
= &
~
Q
=
N

M~
><z

BVt —

/—\

): Op(i)-

I
[
3

Proof of LemmaA.1 Let ¢ be a constant. By Assumption A8, ||[W,|| < cand IS, || <
¢ for all n, where || -|| denotes the maximum row or column sum norm. By its
submultiplicative property, |[W,S; | < [[Wall[|S; ]| < ¢?, and any matrix product
of W, and S, Uis uniformly bounded (for short, UB) in row and column sums in
absolute value. Then, for any matrix By, tr(B,,) can be written as tr(s:M,s;) where M,
is UB, so tr(B,) = siM,s; = O(1). The same argument applies to show that tr(B2) =
O(1) and tr(B,B,) = O(1). Lastly, we express tr(X,,B,B),Xy) = tr(s;My X X, M2 5:)
for some UB matrices M; ,,M> ,. By Assumptions A3 and A4, ||M X ||1 < oo and
[|[M, X, || < oo uniformly in n and ¢, so the product is UB and the trace selects a
single bounded entry. Hence, we have tr(X;,B,B, X, ) = O(1).

nt

<|
CU
§|
T

1 T
Proof of LemmaA.2 First, E(? Y ViiBuVu) = ogtr(B,) = O0(1) and E(V/y
t=1

1 1 1
?Gg tr(By,) = 0(?) by Lemma A.1. Using these results, we can show E(

E( ZV’BV V!B, Vur)=0(1). Finally, E(

1

A 1
7 Y X),B.Vur) = 0 because E(—
t=1

’,Ban) =0and E(T Y X,B.V,

=1

I|M’~]

ﬁ
S~—
I
o

T/

1
Proof of Lemma A.3 First, consider T Z V,:ByVy:. For any matrix B, we have
'

Var(%ZV’B Vi) = 73 ZVar (Vi BuVir) ((u4,300 ):bnuﬂ,otr( A(ButB.))
= i=1
(18)
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where tr(B,B,) = O(1), tr(B,Bl,) ) and Z bn p Z (s'Bpsi)? = siBpBpsi = O(1)
i=1

1
by Lemma A.1. Thus, we have Var(= ZV’B Vit 0(?) For any € > 0, by

Chebyshev’s inequality,

v T V!B,V 1
ar( 21;12 ntPn nt) :0(?) (19)

1 T
P(|?ZV,:,B,,V”,7 Z BaVi)| > €)
=1

L 1 v
which implies that?tg‘i VBV — E( Z VuBnVie) = 0, (

Next, consider V7B, V,r —E(V,

n

7B.Var) as

1

T T T
VirBuVar — E(VipBuVar) = Z Vir) B 3 Vi) = E((7 X Vi)' Bu(5 X2 Vi)
t:I t:l =1
=7 (? Z V! B,V — Z V! B,Vir) (20)
=1
1.1 T T , 1 T T ,
+ (5 L X VauBaVis = E( 3 Y ViBaVis)

N
Il

S

5

t t:1 s

=

Using the previous result, the first term is O, ( For the second term, Var(— Z Z Vi BnVis) =

t 1s#t
—1
o tr(B,B,) = O(1) by Lemma A.1. With Chebyshev’s inequality, the second

1
T3/2)

1 . - - _ 1
term is Op(f)' Thus, we have V7B, V,r —E (V7 B,V,r) = Ol’(f)'

1L, L
Third, consider T Z VBV — E(? Z VB, V) as
t=

1 &, 14
? Z ri[Bf’l nt _E(T Z Vy:[BnVnt)
=1 =1
1 & 1 &
:;Z(Vm Vo) Bu (Ve vnr)—E(?Z(vm Vo) B (Var — Vi)

N
Il

~
Il

@D

T
V! BV — Ve B Vur — E (? Y VBV = VyrBuVar)

I
N =
Si=
\\Mﬂ gl

~

V’,anm Zv,i,B Vi) + (Var BaVar — E(VyrBuVar))
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Using the previous results, we have

N =
-
I
-
-
I
4

1L, 1L,
Lastly, consider - ZX,'”B,,V,,, —E (? ZX,'UB,,V,”) as
=1 =1

1L 1L
o o~
?[:21 mBn ﬂt—E(ft:Zl ntBn nl)
1 & _ 14 _
= T Z rleB (Vnt VnT) E(T Z r/Lan(Vnt - VnT))
t=1 t=1 (22)
1L 1 1 Z 1 &
- ~, N _ - _
= T Zl mBnVnz E(? Z{ ntBnVnt) - (? Zl y,ltBnVnT - E(? Zl y,,tBnVnT))
1= 1= 1= 1=
1 &, 14,
=—Y X,B.Vu —E(=- Y X,,B,V)
T t=1 T t=1
1 T B B T
because T ZX,’,,B,IV,,T =0and E(= Z = 0. Also, Var( ZX’tB,,Vm) =
=1 t=1

—

) by Lemma A.1. Thus, with Chebyshev’s inequality, we

1 - 1
TZ mBnVnt>:0p(ﬁ)-

1 5 N
Tcgtr(X' BB, X)) = O(

have — ZX B,V

Appendix B Derivatives of the concentrated likelihood func-
tion

Denote 6 = (y',f’,6%) and ¢ = (¢, B') where y = (8y,...,8,,4) and & =
(81,...,8,)". The concentrated likelihood function of (4) is

~

1

20° t=1

InL,7(0) = —%111(27:) - %ln(cz) +Tn|S,(y)|— Vir (8) Ve () (6)

m

where V,, (§) = (I, — AW, )Yy — X B = Sp (W)Y — X B with ¥ = Z Snsns), + Ny
h=1

and sj, is an n x 1 vector of zeros, except for one at the hth element.

For the concentrated likelihood function, the first order derivative with respect
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08 =(81,...,6) is

dInL,(0)  (dInL,(6)  dlnLg(6)Y B.1)
26 n 26 7 9, '
T
where % = % Y (Ve (8) Wasnsy (I — AW, ) ™ (X B+ Vi ($)) — 078, (I — AW, ¥) ™' Woisy,)
h =1
for h=1,...,m, and the second order derivative with respect to § = (8y,...,8,)" is
d’InL,r(0) 9%*InL,r(0) d?InL,r(0)
052 086,06, ' 06,08,
9’InL,7(0) d’InL,7(0)
2 P [t Lo el
97InLur(6) _ " 282 9808, (B.2)
0606’ : ) _ :
. . 92 InL,z(6)
952
h 82111[.”7"(9) ;LZ ’ AW W —1 ’ AW W —1 AL Y l
where 0808, Ty, (I — AW, W)~ Wosgs, (I — AW, ) Wash—— Z(X,,,B + Vi (8)) (1, —

=1
AW ®) V5, Wi Worsy (b — AW, ®) ™ (X B+ Vo () for hog =1,...,m"7.

At 6 = (W, Bb,03)', we have

181nLnT(60):<181nLnT(60) 1alnL,,T(eo)>’
JT 96 JT 08, VT 96,
c;ngi (Vi Wostsh (Ag b — Wi ®0) ™" (Rt Bo + Vi) — 0351 (A 1 — Wio) ™ Wisi )
- (B.3
o 7 I W A W) (R ) 03, 0 1 W) is,)

m
where ¥y = Z SonSns), + Ny.
h=1

T
From (B.3) with ZV,:TWnshs;l(l(;lln —Wn‘Po)fl)?mﬁo =0forall h=1,...,m

t=1

1 dInL,r(6) i&lnLZT(OO) B
\/T735 = \/T785 @, where

and V,; =V, — V7, we have

17) Only upper triangle is shown due to symmetry.
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1 dInLir(60) (1 dInLi;(6p) 181nL;;T(90)>’
VT 26 C\VJT 98 7 T 968,
1 T
7272( anslsl()L VanPO) ( nt 0+Vnt)*Ggsll(ﬁf(;llnfwnql())ilwnso
oy VT 5
_ : (B.4
T
%LT Y (Vi WasuSin (g — W W0) ™ (Koo + Vi) — 025ty Ly — W)™ W)
0 =1
and
f TV Wosisi(Ag iy — Wa®o) ™ Vr
Onr = (BE)
% VTV Wosmsh (g ' I — W, %) Vr
0
1 9°InL(6
And, its corresponding information matrix (Zg, ,7 = _E<?3573T5(/0))) is
_E(lazlnLZT(Go)) B (léﬂlnL;‘,T(Go)) B (lBZInLZT(GO))
T 8612 T 0606 T 06,096,
§ B (lazlnL;;T(Go)) B (lc?zlnL;:T(Go))
Syt = T 952 T 9808,
1 le‘nL;; (60)
(B 6)
10%InL:,(60), ..
where E(Tashigé)—sh(lo AR UA P WSS, (A 'L — Wy Po) Wiy + 2TZ[30 (A

W ®0) " s, Wy Wosgs (g 11n—ano)*lfntﬁ0+sg(/10*11n—w Wo) (A I — Wi Po) "V sis), Wi W
forh,g=1,...,m".

Appendix C Proofs

18) Only upper triangle is shown due to symmetry.
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1 Proof of Proposition 1

(8) is the special case of the concentrated likelihood function of Yu et al. (2008)
without dynamic terms. By Theorem 1 and 8 in Yu et al. (2008), we have the results.

2 Proof of Lemmal

1 9°InL,r(1,. 92) <lazlnLnT(1,...,1,920)) -
T 86;,89’ T 96,00} B
19?InL,r(1,...,1,65), 1821nLnT( ., 1,6)
op(1 )whereE(T 35 895 )=0(1). First, cons1derT 36,97

By the triangle inequality, we have

It suflices to show that —

1 9*InL,r(1,...,1,6) 1 9% InL,r(1,...,1,65)

7 aahaa ~E7 aaha/l )
1 d*InL,r(1,...,1,65) 1 d*InL,r(1,...,1,65) 1 3*InL,r(1,...,1,6,) 1 9%InL,r(1,...,1,6)
sz 98,01 ~EG 98,01 II+Iz 98,01 T 98,01 |
1 02InLyr(l,...,1,600) . 10*InLyr(L,....1,650) 1%L, (1,...,1%:)) 5o
Iz 98,02 ~E7 98,02 I+ %@2”? a&,0198, || [0~ 6wl

where [|6, — 65|| = 0,,(1) by Proposition 1.

1 3 lnLnT( .,1,92()) 1 821nL,,T(1,...,1,920) -
For the first term in (C.1), we need to show T 85;181 - (T 96,91 )=

0p(1). The second order derivative with 6 = (1,...,1)" is:

%InL,r(1,.. ,1,92)

o —1 o —1
6o TSy (I — AW,) ™ (I — AW,) ™ Wos

_|_

QN‘ N QN‘ —_

™~

wt () Wasish (b = AWa) ™! (Xt B+ Ve (P))

01~
<1

<
Il
—_

(C.2)
(anﬁ + Vnt (P)),(In - )“Wn)_l/shszw:;wn(ln - )“Wn)_l (anﬁ + Vnt (P))

-
Il
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From (C.2) at 6y, we have

82]nLnT(l7.. 92())
dodA

. ﬂ,(;l T . l(;l T -, B
=2 ' Tt(B,xS, ")+ 3 Z Vi + 5 Y ViBuiViu
0 t=
1 ! n! (7 1 = 7! ! ¥V
Y D 4GV — Z VB nGuVir — — Y VBl ,GnXons Bo
00 =1 i 00 1=1 (C.3)

T2
0
1 T
72 Z nt, hG XntBO
0y (=1
where G, = W, (I, — 2W,) ™' = WS, By = Wosis)y (g ' I — W) ™' = AoWousis),S,, !
and Dy, = By, X Po- Then, we have

1 9*InL,r(1,...,1,65) 1 d*InL,r(1,...,1,65)

— —E(=
T 98,0 (7 08,01 )
A1 &, —‘1 A1 _ A—‘ T
:(%? ZV,:tDnt,h O Z nth 7*2 By pVe —E Z nt nth)
2 -

Ly B 6w (ilib G.7, ))_(ilifﬂy G.7, _E(ff@y;y GuVi))
Gth: nt,h nt — 0_02 = nt,h nt Gth:l ntPn,hInVnt Gng:] tPn,hn Y nt
11& | I AR

- (;? ZV n, hG Xntﬁo (72? ZV”tB":hGnXmﬁO))

0 =1 0 =1

Since By, ;, and B;thn are the products of ss},, and both W, and S;l, Lemma A.3 is
13%InL,r(1,...,1,6) 1 9?InL,r(1,...,1,6)

applied to each term. Hence, we have T 26,97 - (f 95,07 )=
op(1).

1331 L, 1,6
For the second term in (C.1), it is sufficient to show that sup | nLyr (1, 2 2) l,
0,c0, T 85/181

. ||1831nL,,T(1,...,1,92)|| ds |183lnLnT(1,...,1,92)
up || and sup |=

62682 T 86/18}'8[3 gzegz T (96},82180-2

|6, — 629]] = 0,,(1) by Proposition 1. The third order derivatives with § = (1,...,1)’

| are O, (1) because
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are:

PuLr(l,...1,6) » L -
aéhalZ - _Tsh(ln - A‘Wn) Wn(ln - A«Wn) (In - A«Wn) W,,sh

— Ts),(I, — AW,) " (I, — AW,) "W (I, — AW,) ™ Ws),

2 4o _ , T s _
~ 52 Z(Xntﬁ + Vi () (In — AWn) 1/shsh"VrZWn(In — AWa) " (X B+ Vi (p))
=1

A3InL,r(1,...,1,6) 1 Lo _ _ _
96,02.9p = o2 ;(Xntﬁ +Vnt(p))/(ln —AW,) l/shS;1Wr:Xnt
PmL,r(1,...,1,60) 1 &, , e .
98,0Md 52 _*gtgi wt (D) Wasnsy (I — AWa) ™ (X B+ Vi (P))
AL _ . .
+ ot Z(Xntﬁ + Vi (p))/(ln - an)il/shs;zWrZWn(In - )LWn)il(Xmﬁ +Vu(p))

_,
I

(C.5)

Note that V,,(p) = (I, — AW,) Yy — X B = Vi — (A — 20)W, ¥, — X (B — Bo) where
WY = G, X o+ G, Vi, under Hy and @, is bounded. Thus, we have X, +V,,(p) =
Vit = (A = 20) (G Xt Bo+ G Vi) + X Bo = (I — (A = 20) G) (X Bo + Vs ) and Vi (p) =
(I — (A — 20)Gn) (X Bo + Viir) — Xt B where |A — Ag| < oo. Also, since (I, — AW,) !
is invertible by Assumption 8, both W, and (I, — AW,)~! are uniformly bounded by
Assumption 4, and @, is bounded, any multiplications of W, and (1, — )LW,1)71 are
also bounded uniformly. Finally, all expressions of the stochastic terms in (C.5) take
the multiplications of sps),, Wy, S;l, XuB +Vu(p) and V,,(p). Lemmas A.1 can be
applied to the nonstochastic terms in (C.5). Therefore, by Lemmas A.1-A.3 with

0 5 | “ |183lnL,,T(1,...,1,62)| . ||1831nL,,T(1,...,1,62)||
€ scaling, we have — s _
& 92632 T 85]’!8&2 92682 T aéhalaﬁ
1d3InL,r(1,...,1,6
and sup | nLir(... 1, 2)\ are 0p(1).

6,€0, T 85;,8280‘2

2
Lastly, we need to show E(%a lnL"Ta(;’éi’l’ezo)) = O(1). From (C.3), we
h
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have

o“ 1
+E( 2

1 0*InL,r(1,...,1,65) O
(? 85/18), )*7 0 tr(Bn,hSn

!
=

Dy 1.GnVi) — E(

N
T
o) -

N =
1=

|
=
Q- 8-

N =
1~
<z

hG Xm‘ﬁO)

T
o0.
~|

19°InL,r(1,.

., 1,6
by Lemmas A.1 and A.2. Hence, we have — - 2)

By nGnVur)

(C.6)

D:n,hGantﬁO = 0(1)

1 (9 lnL,,T( ,1,92)

T 86,,8&
1 d’InL,7(1,. 920))| 1 9°InL,r(1,...,1,6)
T 85,181

T o 8/1
1 3 lnLnT(l

E(= +IE(=

71>92)

‘* a@ax

)= 0p(1).

. Similar ar-

.,1,92) 1 8 lIanT(
Next, consider T 96,0P d ] 85;,902
1 8 lnL,,T(l

guments can be applied to show — aéhaﬁ. ) 17 6)

O,(1). The second order derivatives with § = (1,..

1) are:

*InL,r(1,...,1,6)

36,0p

& lnLnT( ..,1,92)
968,002 o

(D) Wasis) (I — AW,

From (C.7) and (C.8) at 6,9, we have

d*InL,r(1,...

/
35,97 VBl Xt

1,60) 1 ¢
=Y

2

0 lnLnT(l,...
26,002

1,600) 1
- L4

(UN

1 8 lnL,,T(l .,1,920)

™~
g

~) o
v, Dnt,h*

nt

Q
Il
qu‘ —

t

1

Using the above results, we have —

=0,(1)and T

"X B+ Vi (p))

nt Z D nt, h

Vr:tBn,han

19%InL,r(1,.

19%InL,r(1,...,1,6,)

85},862

A 3
—22 KB4V (p)) (I — AW,) Vsusi W/ X (C.7)

(C.8)

(C.9)

(C.10)

)17920)

T 26,08 B (T
., 1,6) 1 d°InL,r(1,...,1,6)

1 92 InL,r(1,. _pl
06,002 T

0p(1) an d—
A.3.

26,0p )=

36,907 ) =o0,(1) by Lemma
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Also, the third order derivatives with § = (1,...,1)" are:
PInL,r(1,...,1,6)  *InLyr(1,...,1,6,)
98,0BIN T 98,0008
P*InL,r(1,...,1,6)  *InL,r(1,...,1,6,) 0
98,0B9B - B aBIs, — hexk
*InL,r(1,...,1,6 AL B 3
naazgﬁacz d 72 (KB + Vo () (I = AWa) ™55, W, X
C.11
8 ll‘an’[‘( 92) 831nLnT( ,1792) ( )
35;,(96231 N 85;@&802
8 lnLnT( 92) 831nL,,T( ,1792)
(95;, 628[3 B 35/18/3(902
PInLy(l,...,1,6)) 21 N
98,0(c2)>  of ZV”’ ) Wasish (= AWa) ™ (KB + Ve ()
13*InL,r(1,...,1,6) 1*InL,y(1,...,1,6)
Using the above results, we have su n o ,osup ||= ) ,
; b T as0pan 0BT asopap |
. Hla InL,7(1,. .,1,92)” S |183lnL,,T(1,...,1,92)| sup | 1 83lnLnT(1,...,1,92)||
u , sup |— , sup ||=
oco, T 08,0Bdo? oo, T 08,0020A oco, T 08,0020B
1d3InL,r(1,...,1,0
and 9216182 |? naﬁT(&(Gz)’z .6) | are O,(1) by Lemmas A.1-A.3 with the scaling.

Lastly, from (C.9) and (C.10) with D;,,vh)?m = BoX/,B

n and ¢, we have

19%InL,r(1,...,1,6)

E(

11 &
:—E(ﬁf ZVmB
oy 1 5

T 08,08
(l *InL,r(1,. ,1,920)
T 85;,(962

19”InL ...,1,6
by Lemma A.2. Fmally,—a nLyr(1,...,1,6,)

i Xn = O(1) uniformly in

1

. 111G .
:‘l,tht) - T ZD;lt-,tht - 0(1) (C.12)
oy T

1
Tf
o, T/

08,08 meT
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3 Proof of Proposition 2

1 anL ( ..,1,92())

We first consider the Aith element of ﬁ 35 as
1 dInL? ..,1,0 11 & .
7 (L 35 20) = 52 77 X DV + VoV = G w(Br) - (C.14)
0 =1

~

Denote Q7 = Z (D/ ¢ Vo VBV — Gg tr(Bmh)). Then, the mean and variance
=1
of Qurp are pg, =0 and

~

GénT,h = ZD’” th ht T((‘Ll,4 - 360 Z bnh ii =+ o)) tr(B (Bﬂ,h +B:1h)))

=1 i=1

+2.u3zzdntht nh,ii (C15)

t=1i=

H
M'ﬂ

Dnt hD”t nt T((‘LL4 - 360) Z bnh i+ thr(Bn,h<Bn,h +B;z,h)))
i=1

.‘
Il
-

where ug = E(gj;) for s = 3,4, b, is the ith diagonal element of B, j, and the
T

last equality holds because Z szh,i = 0. Also, the covariance of Q7 and Q7 , for
=1

h#g=1,...,mare

M\!

Dthmg-i-T((H4—3GO anhu ngtt+60tr(Bnh(Bng+B ))>
1 i=1

T n
U3 Z Z ntg,i nh i + U3 Z Z dnth iPng,ii

t=1i= (C 16)

Dntthtg+T((N4_360 anhu ng,,—l—Gotr( nh(B ng"’Bng)))
1 i=1

c;QnT,hg

~
Il

||
M'ﬂ

t

T T
and the last equality holds because ZJ'”&I' =0 and Zd;,,h,,- =0. When ¢;, i =
t=1

=1

~

I,...,nandr=1,...,T, are normally distributed, Gén” Z " th Wt T 60 tr(B,, h(Bpp+

~

B,;))) and og,;, = Z D}y 4Dyt g+ T (05 tr(Byy(Bug+B,,))) since ty — 305 =0.
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1
\/»

We now analyze the limiting distribution of —;

Onrp- From (C.15), the

variance of p anTh is
11 11 36
i T énTh GzTZDthnth‘Hr( wh(Bup+ By p)) + ——— Zb,,h” (C.17)

n n
where tr(D], Dyt ), tt(ByiByp), r(BuyByy ) and Y. by =Y (siWasns)y(Ag 1 —Wy) ™ 'si)* =
i=1 i=1
1

siWasnsy, (A ,—w,)~ 1Wnshs;,(lo_1] —W,) " !s;are O(1) by Lemma A.1. Thus, g?cfén”
is bounded away from zero. Assumptions 2, 4-6 and these order properties m(ean

that all conditions of Lemma 13 in Yu et al. (2008) are satisfied. Hence, the lemma
(CLT) applies to Q7 4, and we have

QnT h

GQM N(0,1) (C.18)

which 1mp11es —=0nt i 4 N(0, llm

64 T GQnT h )

f

Next, we investigate the limiting distribution of

\/ITg,,T ( éz). As shown in (9) and

(C.14), gnT(Gz) has the same asymptotic distribution as —; (QnT 1, ,Q,,Tﬁm)/.

ﬁ f

The variance—covariance matrix of — \F (Qnr 1. ,Qnr,m) is derived in (11) and

(12). Then, extending from one element to a finite m-dimensional vector is rela-
tively straightforward. By the central limit theorem (a multivariate case), we have
1 <\ d

ﬁgnT(Gz) — N(O,Zg + Qg).

4 Proof of Theorem 1

From Proposition 2, g,,T(ég) 4, N(0,Z, + €,) under Hy. Also, there exists

1
VT
1 1 1
(£, +€,)2 which is invertible such that (X, +Qg) = (X +Qg)2 (£g +Q,)2 since Xg +
Q, is positive definite by Assumption 9 and symmetric, so we have (I, +Q,) "' =

1 ~ ~
(Zg+ Qg)_% (Z,+ Qg)_%. Then, the quadratic form ?gnT(Gz)’(Zg +9Q,) 'eur(62)
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can be rewritten as

%&LT(éZ)/(Zg + Qg)_lgnT(éZ) = \/lfgnT(éZ)/(Zg + Qg)_% (X + Qg)_% \lfgnT(éZ)

_H

- ((Zg+Qg)5\/1Tgnr(éz)) ((Zg+9) ﬂ@”@?

1 ~ 1 ~ o
where (£, +Q,)" f—gnr(ez) i>N(0,Im). Hence, ?gnT(Qz)/(Zg—l—Qg)_lgnT(Gz) 4,

~

22 under Hy.

5 Proof of Lemma 2

1 d°InL,r(1+Ay,...,14+A,, 6x) 19%InLi,(1,...,1,6x)

It suffices to show that — —E(= =
suflices to show tha 95h95g (T 35,95, )
0,(1). Let @ := {A € R™ : ||A|| < C} for some finite constant C > 0, chosen suffi-
ciently small. Throughout, |- || denotes the Euclidean norm, and for matrices, the

induced operator norm. By the triangle inequality, we have

‘l azlnLnT(l +A,.. 1+Am,920) B (l a2lnLZT(l,...,1,920))|
35;,35 T 96,08,

1 9%InL,r(1,. 5 1,60) 19%InL:r(1,...,1,6)

=lz 38,05, (7 a5
‘1 *InL,r(1+Ay,...,14+A,, 6x) 7la2lnLnT(1,...,1,620)| 20
98,08, T 38,95, :
< ‘la InL,7(1,...,1,6) B (lazlnLZT(la-u,l,Ozo))l
<z 98,05, T 35,05,
2
+As€u®pA||71" aaA (8 lnLnT(l+8A61h7a..5;1+Am,920)> - 11A = Oy |

where A= (Ay,...,Ay) 2y Oy as T — oo
1 9°InL,r(1,...,1,6)

19%InL:(1,...,1

3 620)

For the first term in (C.20), it suffices to show | 35,95, - (T 35,95,
0p(1). From (B.2) and (B.6) with 6 = (1 ..., 1)/ at By, we have
10*InLyr(1,...,1,6x) L 19%InL}4(1,... 920))
T 85h86g T 86h85g

1 1 N
s Z VB, 1 gVnt 2T Z VB, thl,g 2 ZDnt wBn.gVi +tf((i2,ﬂﬁf),g)
oy I'= ) Tt T '
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-1 114 -
whereE( Zv’ B}, 1 Bug Vi) = te(B;, ;,Bug)s E(—zTZV,:tB;ﬁDmﬁg):Oand
Oy L 5
E(lliD BV) 0. Then, (C.21) b itt
n.oVn . en, (C. can be rewritten as
o2 T & ke

19%InL,r(1,...,1,6) 19%InLi;(1,...,1,64)

T 98,05, ~EG 98,05, )
11 &, _ 11T 11 &, -
= —(ﬁf Y VB BugViu —E Z By, 1BugVi )4‘7? Y VB 1D g
‘70 =1 o 1=

11& . 1
7 f Z D;n,th-,gVnt + T tr<Bllq,th,g)
O

1
where tr(B, ) = O(1) and tr(B,, B, ;) = O(1) by Lemma A.1. Thus, i tr(B), ,Bug) =
10%InLyr(1,...,1,600)

1
O( T) Lemma A.3 is applied to each stochastic term, and hence \ 36,05,

19%InLi;(1,...,1,6%)
- =o0,(1).
(T aShaag )| OP( )
For the second term in (C.20), it suffices to show that, for any fixed (h,g,1),

13InL,r(1+Aq,...,14+A,,60)
sup | = | <
' T 85h86g8A1

since m is fixed, and hence a uniform bound for each element implies a uniform

bound for the entire vector. The third order derivative evaluated at 6y is:
3InL,r(1+Aq,...,1+A,, 60)
906,00,0A,
= =T 255, (In — 2oWa®*) ™ Wousys) (I, — AoWn ™) ™ Wiasgsy (I — AW, W) ' Wiasy
— TAG S}, (b — AWy )~ Wos g, (I — AW B™) ™ Wosys) (1, — AW P2) ™ Wasy

where W2 = I, + Z Apspsy, Note that (I, — AW, ¥~ is invertible for all A €
h=1
©* by Assumption 8. Moreover, by Assumption 4 and the boundedness of

(I, — AQW,,‘I‘A)*1 is uniformly bounded in A = (Ay,...,A,)". Since W, is uniformly

bounded in row and column sumis, it follows from the submultiplicativity of matrix
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norms that
(I, — 2gW, ) "W, |1 < oo and  ||(I, — AW, P2) "W, || < oo

Since all elements of (7, — ﬁoWn‘PA)_lwn are uniformly bounded and s}, (1, — XOW,,‘PA)_IWnsg

corresponds to the (,g)th entry of (I — AW, ¥2) W, it follows that s}, (I, — AW, ¥2) ™! W5, =

1 PInL,r(1+Aq,...,14+A,, 60)
1) [ h,g. H — = - o forallh,g,l=
O(1) forany h, g. Hence, AseuGI))A|T 85h85g3A1 | <eoforallh,g,

1,...,m.

6 Proof of Theorem 2

1 -
ﬁg,ﬁ(ez) 4, N(1,Z,) under Hy 7 where

1 1
T = XgA for normally distributed errors and E;l =X, X, * by Assumption 9. Then,

From the previous results, we show

1 ~ -
the quadratic form T gnT(Gg)/Zgl gnr(62) can be rewritten as

}gﬂ(é ) (5 fgnT(Gz)) (C.24)

N\—‘

1 3
?gﬂT(QZ)/Zg "eur(02) = (%,

_1 1 ~ _1
where £, ? ﬁgnT(Gz) 4, N(X, *7,1,). Hence, the test statistic has a noncentral chi-

square distribution with m degrees of freedom and a noncentrality parameter g =
1 1
754 2% 27 = A'T,A under Hj 7.

Appendix D Sample countries

Table D1. The list of sample countries

Australia  Austria  Belgium Canada China Denmark
Finland France  Germany Ireland Israel Italy
Japan Korea  Netherlands New Zealand Norway Russia
Singapore  Spain Sweden United Kingdom  United States

Note: These countries account for 96% of the world’s innovation activity in 2021.
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